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Abstract 

Based on an embedding formula of the CAR algebra into the Cuntz algebra O^p-, 
properties of the CAR algebra are studied in detail by restricting those of the Cuntz 
algebra. Various *-endomorphisms of the Cuntz algebra are explicitly constructed, and 
transcribed into those of the CAR algebra. In particular, a set of *-endomorphisms of the 
CAR algebra into its even subalgebra are constructed. According to branching formulae, 
which are obtained by composing representations and *-endomorphisms, it is shown that 
a KMS state of the CAR algebra is obtained through the above even-CAR endomorphisms 
from the Fock representation. A U{2^) action on O2P induces ^-automorphisms of the CAR 
algebra, which are given by nonlinear transformations expressed in terms of polynomials 
in generators. It is shown that, among such ^-automorphisms of the CAR algebra, there 
exists a family of one-parameter groups of ^-automorphisms describing time evolutions 
of fermions, in which the particle number of the system changes by time while the Fock 
vacuum is kept invariant. 



^E-mail address: abe@kurims.kyoto-u.ac.jp 
'^E-mail address: kawamura@kurims.kyoto-u.ac.jp 



§1. Introduction 

In our previous paperSjB'B we liave presented a recursive construction of the CAR 
(canonical anticommutation relation) algebrai-* for fermions in terms of the Cuntz 
algebral'' O2P (p G N) , and shown that it may provide us a useful tool to study properties 
of fermion systems by using explicit expressions in terms of generators of the algebra. As 
a concrete example of applications, we have constructed an infinite-dimensional (outer) *- 
automorphism group of the CAR algebra, in which the transformations are expressed in 
terms of polynomials in creation/annihilation operators.^ The basic ingredient necessary 
for this embedding is called a recursive fermion system and denoted by RFSp, where a 
subscript p stands for O2P. As a special example, the standard RFSp, which describes an 
embedding of O2P onto its f/(l)-invariant subalgebra C^*'^^. has been introduced, and it 
has been shown that a certain permutation representations of O2P reduces to the Fock 
representation of the CAR algebra. We have also showni^ that it is possible to gener- 
alize this recursive construction to the algebra for the FP ghost fermions in string the- 
ory by introducing a *-algebra called the pseudo Cuntz algebra suitable for actions on 
an indefinite-metric state vector space. We have found that, according to embeddings of 
the FP ghost algebra into the pseudo Cuntz algebra with a special attention to the zero- 
mode operators, unitarily inequivalent representations for the FP ghost are obtained from 
a single representation of the pseudo Cuntz algebra. 

The purpose of this paper is to develop the study of the recursive fermion system and 
to show concretely that it becomes to possible to manage some complicated properties of 
the CAR algebra as follows: 

(1) Systematic construction of proper (i.e., not surjective) *-endomorphisms which are 
not necessarily expressed in terms of linear transformations: The existence of proper 
*-endomorphisms is characteristic for the infinite dimensionality of the algebra. 

(2) Description of branchings of representations induced by proper *-endomorphisms: 
By using branchings, various reducible representations or mixed states for fermions 
are obtained. 

(3) Systematic construction of outer ^-automorphisms which are not necessarily ex- 
pressed in terms of Bogoliubov (linear) transformations: Nonlinearity of transfor- 
mations in one-parameter groups of (outer) *-automorphisms corresponding to time 
evolutions implies that the fermions under consideration are no longer (quasi-)free. 

For this purpose, it is necessary to prepare beforehand some useful formulae for 
represent at ions, @* embeddings, and *-endomorphismsi'0* of the Cuntz algebra. As for em- 
beddings, from a fundamental formulai-* for embedding of into O2, we can easily obtain 
some basic formulae for embeddings among the Cuntz algebras. Then, using an important 
relation between embeddings (of some Od'^s into Od) and *-endomorphisms (of Od), vari- 
ous *-endomorphisms of the Cuntz algebra are explicitly constructed. Conversely, from a 
set of given *-endomorphisms, we may also obtain new embeddings. By composing irre- 
ducible permutation representations and *-endomorphisms, some branching formulae are 
derived.tJ' Based on these properties of the Cuntz algebra, we study the recursive fermion 
systems in detail. First, by restricting the irreducible permutation representations of the 
Cuntz algebra, the corresponding representations of the CAR algebra are obtained in the 
form of direct sums of irreducible ones. On the other hand, it is also shown that, for a 
certain type of irreducible permutation representation of O2, we can construct a RFSi 
such that the restricted representation is irreducible. Such a RFSi gives, in general, an 
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embedding of the CAR algebra onto a subalgebra of O2 which is not f/(l)-invariant. Fur- 
thermore, it is shown that a certain RFSi similar to the above one yields a direct sum of 
an infinite number of irreducible representations of the CAR algebra from any irreducible 
permutation representation of 02- Next, from some *-endomorphisms of O2, we explic- 
itly construct *-endomorphisms of the CAR algebra, especially, a set of those giving *- 
homomorphism to its even subalgebraBIll) It is shown that, by composing the Fock rep- 
resentation and the above even-CAR endomorphisms, we may obtain a KMS statei) of 
the CAR algebra with respect to a one-parameter group of *-automorphisms describing 
the time evolution of a (Quasi-)free fermion system. In contrast with some KMS states 
of the Cuntz algebra,0tl® the inverse temperature is not unique since the KMS con- 
dition is satisfied only by the induced state of the CAR algebra, but not by that of the 
Cuntz algebra. We also give some discussions on the relation to the Araki- Woods classifi- 
cation of factors for the CAR algebra.S Finally, we apply the induced *-automorphisms 
of the CAR algebraic to construct one-parameter groups of ^-automorphisms describing 
nontrivial time evolutions of fermions. Since it is possible to describe nonlinear trans- 
formations of the CAR algebra by these ^-automorphisms, the time evolutions are not 
restricted to those for (quasi-)free fermions. We explicitly construct some examples for 
such one-parameter groups of *-automorphisms of the CAR algebra, in which the parti- 
cle number changes by time with keeping the Fock vacuum invariant. 

The present paper is organized as follows. In Sec. 2 and Sec. 3, we summarize various 
properties of the Cuntz algebra and obtain some convenient formulae necessary for our 
discussions. In Sec. 4, after reviewing the construction of the recursive fermion system, we 
show the relation between RFSi and RFSp (p ^ 2). In Sec. 5, we study the restriction of 
the permutation representations of the Cuntz algebra. In Sec. 6, various >K-endomorphisms 
of the CAR algebra are explicitly obtained from those of the Cuntz algebra. In Sec. 7, 
based on some formulae constructed in the previous sections, it is shown that a KMS 
state is obtained from the Fock representation through a certain *-endomorphism. In 
Sec. 8, we summarize *-automorphisms of the CAR algebra induced by a U{2'^) action 
on O2P, and obtain one-parameter groups of *-automorphisms describing nontrivial time 
evolutions for fermions. The final section is devoted to discussion. 



§2. Properties of Cuntz Algebra: Embedding and Endomorphism 

In this section and the next, we summarize some properties of the Cuntz algebra]^ 
necessary for our discussions in the succeeding sections. 

First, let us recall that the Cuntz algebraS Od {d ^ 2) is a simple C*-algebra 
generated by Si, S2, . . . , Sd satisfying the following relations: 



s*s, = 5„/, (2.1) 



d 



Y,Sis: = I, (2.2) 



i=l 



where * is a *-involution (or an adjoint operation), / being the unit (or the identity 



'^Throughout this paper, we restrict ourself to consider the dense subset of the Cuntz algebra. 
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operator). We often use brief descriptions as follows: 

■Sii,i2,.-- ,«m = Sij^Si^ ■ ■ ■ Si^, (2-3) 

"511,12,... ,im = ^im ' ' ' ^12^11' l^'^/ 
Sji,... ,ji = ^il ' ' ' ^im^jn ' ' ' ^ji- (2-5) 

From the relation is a linear space generated by monomials of the form 

Siu...,im;jn,...Ji with m + ri ^ 1. 

From and ( p.2|) , it is obvious that there is a *-automorphism a on (9^ defined 
by a [/((i) action as follows: 

d 

= ^ i = l,...,(i; u = (uj^i) E U{d). (2.6) 

i=i 

Especially, we consider a t/(l) action 7 defined by 

-f^{si) = zsi, i = l,...,d; zeC,\z\ = l. (2.7) 

Then, the U{1) invariant subalgebra O^''^^ of Od is a linear subspace generated by mono- 
mials of the form Sij,... with m ^ 1. 

§§2-1. Embedding 

If there exists an injective unital *-homomorphism from Od> to Od, which is defined 
by a mapping ip : Od' Od satisfying 

^{aX + f3Y) = a^{X)+(3^{Y), a, f3 e C, X, Y e Od', (2.8) 

^{XY) = ^{X)^{Y) X,YeOd', (2.9) 

^{x*) = ^{xr, XeOd', (2.10) 

i^{Id') = Id, (2.11) 

with Id' and /(^ being unit of Od' and that of Od, respectively, we say that Od' is embedded 
into Od, and call ip cin embedding of Od' into Od- We also denote an embedding as 
ip : Od' ^ Od- In this paper, we always assume the condition ( |2.11| ) for embeddings. To 



define an embedding of Od' into Od, it is sufficient and necessary to give a correspondence 
of generators between these two Cuntz algebras because of the following reason. Let {s'j | 
z = 1, . . . , c?'} be generators of Od'- If Od' is embedded into Od, define Si = ip{s'j) G Od 
[i = 1, - - - , d') by the above unital *-homomorphism ip. Then, it is straightforward to 
show that {S^\i = 1, - -- , d'} satisfy (^ and (^ by using (pD-(pID. Conversely, if 
there exists a set of elements {Si E Od \ i = I, - - - , d'} satisfying (|2.1|) and ( ^721) , it is also 
straightforward to construct the *-homomorphism : Od' — > Od by defining ip{s'j) = Si 
{i = 1, - - - , d') and by uniquely extending its domain to the whole Od' in such a way 
that it satisfies (P78|)-( prTT| ). Therefore, we also denote an embedding by giving a set of 
generators as {S*!, . . . , 5*^/} : Od' ^ Od- 
in the following, we present some fundamental formulae for embeddings among the 
Cuntz algebras. 

(1) Fundamental embedding by Cuntz: It is remarkable that Od with arbitrary d 
{d ^ 2) can be embedded into O2- For example, by setting^) 

Sl=Si, S2 = S2Si, ^3 = (S2)'S1, Sd-l = {s2)''-^Si, Sd = {S2)''"\ (2.12) 
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where Si and S2 are the generators of O2, it is straightforward to show that S'j's 



satisfy the relations (|2.1| ) and ( P^) . This is called Cuntz embedding. 

(2) Inductive construction: From any embedding {5*1, . . . , Sd} '■ Od ^ O2, we can 
obtain an embedding of Od+i into O2 as follows: 

{Si, Sd-i, SdSi, SdS2} : Od+i --^ O2. (2.13) 

(3) Generalized Cuntz embedding: It is straightforward to generalize ( p.l2 ) for em- 
bedding of into Od with n ^ 1 as follows 

Si = Si for 1 ^ i ^ d — 1, 

S^d-i)k+i = isd)''si ioT l^t^d-1, (2.14) 

S{d-l)n+l = (Sd)^, 

where {s, | i = 1, . . . , rf} is the generators of Od- 

(4) Generalized inductive construction: From any embedding {Si, ... , S(^d-i)n+i} '■ 
0(d-i)n+i ^ Od, we can obtain an embedding of 0(^d-i){n+i)+i into Od as follows: 

{Si, . . . , S(d-l)n, S(^d~l)n+lSl, ■ ■ ■ , S(^d-l)n+lSd} '■ C'(d-l){ri+l)+l ^ Od- (2.15) 

(5) Homogeneous embedding: For Odp, we have its embedding into Od in which all 
generators of OdP are mapped homogeneously to elements of Od as follows: 

: Odv Od, 

%{s\) ^ Sl"^ ^ ^-l = j^i^, - l)d''-' (2.16) 

k=l 

i = 1, 2, . . . , dP; ii, 12, - - - , ip = 1,2, d, 

where the correspondence of i — 1 and {ip — 1, - - - , ii — 1) is the same as that of a 
decimal number and its d-axy expression. The embedding ip'p ( |2.16| ) for Odp ^ Od 
is constructed inductively with respect to p as follows: 

St%+, = S^'^ for ^ = 1, 2, . . . , J = 1, 2, . . . , d^, (2.17) 

or 

Si;%^, = SiSf hTt = l,2,...,d; j = l,2,..., d^. (2.18) 



From ( p.l6| ), it is obvious that any monomial G Od is one of homogeneously 

embedded generators {S["'\ . . . , 5"^"^} : Od^ ^ Od- It should be noted that, from (|2.14| ) 
and ( p.l5|) , there is also an embedding of 0(^d-i)n+i into Od for any monomial G Od 

such that can be set on one of embedded generators {Si, . . . , S(^d-i)n+i}- Such an 

example is given by the following: 



Sj+l 



^h,... ,ikj 



'ii,... ,ifc,i+l 



for 1 ^ j ^ ii — 1, 
for ii ^ j ^ d — 1, 

for {d - l)k + 1 ^ j ^ {d - l)k + ik+i - 1, 
for {d - l)k + ik+i ^j^{d-l){k + 1), 
for j = {d — l)n + 1, 



l<k< 



n 



l<k<n-l. 



(2.19) 
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where j = j ~ {d — l)k. 



§§2-2. Endomorphism 

An embedding of Od into itself is a unital *- endomorphism of Od- A typical 
*-endomorpliism of Od is the canonical endomorphism p defined by^ 

d 

p{X) = Y,s^Xs*, XeOd. (2.20) 

i=l 



Indeed, from Q, p satisfies p{X)piY) = p{XY) for X,Y e Od- From (U), p is unital, 
that is, p(/) = /, hence Si = p(si) satisfy the relations and (|2.2| ). 



Let f/(A;, O^) (fc G N) be a set of all k x k unitary matrices in which each entry is 
an element of Od- Then, any unital ^-endomorphism ip has a one-to-one correspondence 
with a unitary -u G Od) given by 

ip{si) =usi, i = l,... ,d, (2.21) 

d 

u = J2v>is^)s*. (2.22) 

1=1 

Likewise, there is a one-to-one correspondence between any unital *-endomorphism (p and 
a. d X d unitary v = ivj^i) G U{d, Od) as follows: 

d 

^{^i) = ^^Sj'"j,h i = l,...,d, (2.23) 

i=i 

Wj-i = s*v5(si), i,j = l,...,d. (2.24) 

It should be noted that, if it is possible to embed Od' into Od for certain d' and c?, then 
any unitary u G U{1, Od) is expressed in the following form:0 



u = 

i=l 



d' 

[2] q[1] 



J:S?S?\ (2.25) 



where {S?, ... , 5*^ } {k = 1, 2) are embeddings of Od' into (9^. Indeed, it is straight- 
forward to show that u defined by ( |2.25| ) satisfies uu* = u* u = / by using that 
{Sf'\ . . . , 5*^^'} satisfy (|2.1| ) and ( |2.2| ) for each A; = 1, 2. Conversely, for an arbitrary uni- 
tary u and an arbitrary embedding {S'f , . . . , S^i^} : Od' ^ Od, it is possible to obtain 
another embedding {Sf'\ . . . , Sf}} : O^' in ( |2.25| ) as follows 

Sf^ = uSl^^ i = l,...,d'. (2.26) 

Using this formula, we obtain a new *-endomorphism from two known embeddings, and 
conversely, a new embedding from a known ^-endomorphism and a known embedding. 



■^We always use the symbol p for the canonical endomorphism 

\k] (k) 

''The symbols SI and should not be confused. The former is used just for distinguishing one 
from some others, while the latter denotes the homogeneous embedding 
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For example, for d = 2, d' = 3, ip = p, {Sf' = si, 5*2^' = S2,i, 5*3^' = ^2,2}, we obtain a 
new embedding of O3 into O2 by 

S?=pisi), 4" = 5i,2, Sf^ = s2,2. (2.27) 

Although (|2.21|) - (|2.25|) are general formulae, they are not convenient to construct 
various *-endomorphisms explicitly. Next, we present a more effective way to express 
a generic *-endomorphism of Od in terms of some embeddings of Od' into Od without 
recourse to unitaries. For this purpose, we need the following d + 1 embeddings: 

{5fl, ... , S!;]}: Od^^Od, z = l, ... , (2.28) 

d 

{S^f^'\ : Oo-^Od, (2.29) 

i=l 

where di = {d — l)nj + 1 {i = 1, . . . ,d) with {rii, . . . , n^} being nonnegative integers. For 
di = d, a trivial embedding (i.e., S*]*^ = Sj) is used, while for di = 1, we define 5*1'' = /. It 

d 

should be noted that we have D = (c? — 1) ( ^ + l) + 1. Thus, for any {di, . . . , dd}, 

i=l 

there exists an embedding of Oo into Od from ( |2.14| ). Given the above d+1 embeddings, 
we can define a *-endomorphism ip of Od as follows: 



d, 

,[d+l] 



V{si) = ' ^« = E^r (2.30) 

j=i i=i 



Indeed, it is straightforward to show that {(y9(si), . . . , ip[sd)} satisfy ( |2.1| ) and ( |2.2| ) by 
using (p.28|) and (|2.29| ). Conversely, for an arbitrary *-endomorphism p of Od and d 
arbitrary embeddings . . . , S"^*^} : Od^ ^ (2 = 1, . . . , d), we obtain an embedding 

{SD,_i+j = P>{si)Sf I 2 = 1, . . . , j = 1, . . . ,di} : Od ^ Od with A = 5] dj, D = Dd, 

which reproduces p{si) itself when substituted into S^^'^_^jj^j in ( p.3(]| ). Therefore, any *- 
endomorphism of Od is expressed in the form of ( p. 30 ). 

From a *-endomorphism cp in the form of ( p.30| ), we obtain various *-endomorphisms 
by using the U{D) action on Od given by (|2.6| ) as follows: 

^■^1 (2.31) 
k = l,...,D, ueUiD). 

1=1 

Especially, by using permutations given by Sf"^^^ ^ (cr G C U{D)), we obtain 

D\ *-endomorphisms for a given set of c? + 1 embeddings. In the case D = d^^^ {jp G N), 
we may adopt the homogeneous embedding defined by ( |2.16| ) for the embedding of C^) in 
to Od, Sf"^^^ = Sjj^ jp^-^ {i = 1, . . . , D; ii, . . . , ip^i = 1, . . . ,d). Then, each permutation 
of the indices z G {1, . . . , d^^^} induces a permutation of the multi indices {ii, . . . , ip+i) G 
{!,... , d}^^^ according to the one-to-one correspondence between them given by ( |2.16| ). 
For simplicity of description, we denote this induced permutation of the multi indices by 
the same symbol a as for the single indices, that is, S^^^-^^'^ = = 
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Hereafter, we assume that *-endomorphisms of Od are expressed in terms of a finite 
sum of monomials. We, now, consider >K-endomorphisms if of Od which commute with 
the U{1) action 7 defined by (|2.7|). Then, it satisfies the following: 



= Z(p{Si 



1, . . . ,d, z e C, 



\z\ 



1. 



(2.32) 



each term in ip{si) (z = 1,... , 
with ^ n ^ Pi (z = 1, . . . where 



Hence, from 7^(sn,...,i^;j„,... 
is a monomial in the form of s 
P = I 2 = 1, . . . , (i} is a set of nonnegative integers. Let p be the maximum of P. By 
using (|2.2|), we can rewrite ^{si) = 1, . . . into a homogeneous polynomial of degree 
{p + 1, p), that is, a finite sum of monomials in the form of j^. Here, any 

monomial Si^^...^jp (or Sj^^,,,^jp^J is one of the homogeneously embedded generators of Odp 
(or Crfp+i) into Od defined by ( p.l6| ), hence is written as 



3=1 k=i 



(2.33) 



1, . . . ,d} satisfies 



with an appropriate set of coefficients Ckj^i E C. Since {ip{si 
( P^.l| ) and (|2.2|), the relations among the coefficients Ck,j-/s are obtained as follows: 



k=l 



d dP 

^ ^ ^ ^ ^k,j;i ^k' ^k,k' 
i=l 3=1 



(2.34) 



hence Uk/ = Cfcjjj with i = [j — l)d + z is an element of U{dP~^^). Therefore, any *- 
endomorphism if of Od, which is expressed in terms of a finite sum of monomials, com- 
muting with the U(l) action 7 is written as follows: 



dP 



1 d. 



1 dP+\ 



(2.35) 



k=l 



We call this type of *-endomorphism the {p + l)-th order homogeneous endomorphism. 
Here, one should note that if Uk/ = Sk/, ( ^.35[ ) becomes the identity map (p{si) = Si from 
( P.18|) as follows: 



dP 



(p)h 



dP 



(p) cip)* 



1 d. 



(2.36) 



Especially, as for the second order homogeneous endomorphism, by setting 

fv ■■■ 0\ 

yo ■■■ vj 



u 











(2.37) 



8 



so that we have 

:(2)' _ 0(2) 



c(2)' _ 0(2) 

'^{j-l)d+i - ^(j-l)d+k '"k,i 

k=l 

d 



'^Sk,jVk,i, V = {vk,i) e U{d), (2.38) 



k=l 

where use has been made of ( p.l8| ) for p = 1, the ^-automorphism of by the U{d) 
action ( p.6|) is reproduced as follows: 

d d 

^(Si) = ^ ^ SkJ S* Vk,i 

j=l k=l 

d 

= ^SkVk,u i = l,...,d; V = {vk,i) EU{d). (2.39) 

k=l 

In the case that u in ( |2.35|) is a permutation a G &dp+^ C U{2p~^^), ip is called 
the {p + l)-th order permutation endomorphisn&^ of Od- Explicitly, the permutation 
endomorphisms are written in the following: 

(1) The second order permutation endomorphism: 

d d 

j=i j=i 

where o"(ii, 22) denotes a permutation of multi indices {ii, 12) G {1, . . . , d}'^ induced 
from that of indices i G {1, . . . by the one-to-one correspondence defined by 

^= E(^fc-l)ci'^-^ + l. 
fe=i 

(2) The {p + l)-th order permutation endomorphism: 

dP d 

i=i ji,---jp=i 

where (T(ii, . . . , ip+i) denotes a permutation of multi indices (ii, . . . , ip+i) G 
{1, . . . , d}"^^^ induced from that of indices i G {1, . . . , rf^^^} by the one-to-one cor- 

respondence defined by z = X] (^fc " 1)^^'^"^ + 1- 

k=l 

Let PEndp+i(Crf) be a set of all (p + l)-th order permutation endomorphisms of Od- 
Then, we have 

PEnd2(Od) C PEnd3(a) C ■ ■ ■ C PEndp+i(a) C ■ ■ ■ , (2.42) 



^As far as the present authors know, the first nontrivial example of the permutation endomorphisms 
other than the canonical endomorphism is the second order one in presented by N. Nakanishi in 
private communication. The discussions in this subsection are based on the generalization of his result. 
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since a subset of PEndp_|_i(Cd) with &dp+^ 3 &dp 3 cr preserving jp in ( |2.41| ) (j^ = jp) is 



nothing but PEndp{Od) because of (|2.2| ). The canonical endomorphism p given by (|2.2CI| ) 
is the special case of the second order permutation endomorphism ( p.40| ) with a G 



being a product of d{d — l)/2 transpositions (z, j) i— (j, i) with z ^ j. Likewise, is a 
special case of the {p + l)-th order permutation endomorphism with a : , j„) 

(jl, . . . ,jn,i)- 

Of course, a generic *-endomorphism given by ( p.30| ) does not necessarily commute 



with the U{1) action 7. We call *-endomorphisms not commuting with 7 the inhomo- 
geneous endomorphisms. A typical example of the inhomogeneous endomorphism in the 
form of (|2.30|) is obtained by setting di = 1 {i = 1, . . . , d — 1) and dd = {d — l){n — 1) + 1 
(hence D = {d — l)n + 1) with n — 1 G N as follows: 



fist) = Sf^^\ i = l,... ,d 



(2.43) 



where {Sj^ | j = 1, . . . , d^} and {Sj^^^^ | j = 1, . . . , D} are embeddings of Od^ and Od 
into Od, respectively, in which the order of Sj's minus that of s^'s appearing in at least 
one of Sl'^^^'^ (z = 1, . . . , — 1) is not equal to 1. 

In ( |2.43| ), we can assign an arbitrary n-th order monomial Sj^^...^j„ {ii,...,id = 
1, . . . , d) to f{si) by adjusting the embedding ( |2.19|) of 0(^d-i)n+i into Od- This fact will 
be applied later. 



§3. Properties of Cuntz Algebra: Representation and Branching 

§§3-1. Permutation representation 

A permutation represent at ionli& of Od on a countable infinite-dimensional Hilbert 
space H is defined as follows. Let {e„ | n G N} be a complete orthonormal basis of H. A 
branching function system on N is defined by 

/ii : N ^ N is injective, i = 1,2, . . . ,d, (3.1) 

/i,(N)n/i,(N)=0 for^^j, t,j = l,2,... ,d, (3.2) 

d 

[jp^{N)=N. (3.3) 



1=1 



Given a branching function system {/Xj}^^]^ and a set of complex numbers {zi^n £ C | 
\zi^n\ = 1, i = l, ■ ■ ■ ,d; n G N}, the permutation representation vr of Od on TC is defined byQ 

7r(si)en = Zi^ne^,i{n), i = 1, ... , d, n G N. (3.4) 

By this definition, 7r(si) is defined on the whole Ti linearly as a bounded operator. Then, 
the action of vr(s*) = 7r(sj)* on e„ is determined by the definition of the adjoint operation. 



SThe original definition of the permutation representation of the Cuntz algebra in Ref. ^) is the case 
of Zi^n = 1 {i — 1, ■ . ■ ,d, n G N). We have introduced a set of coefficients Zi.„ according to Ref.@). 
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Since for any n G N there exists a pair {j, m} which satisfy fij{m) = n, we consider 

n{si)* on e^^.(m): 



(3.5) 



hence we obtain 




(3.6) 



Here, ( ■ | ■ ) denotes the inner product on Ti. It is, now, straightforward to show that 
7r(sj) and vr(sj)* defined by ( p^) and ( p.6|) satisfy the relation ( |2.1| ) and (|2.2r) on any e„. 
We can classify permutation representations into two types as foUowsSl'll' 

(1) Permutation representation with a central cycle: There exists a monomial 
■7r(sj(,,... J having an eigenvalue z with z E C, \z\ = 1. This representation 
is denoted by Rep(zo, • • • ,'^/t-i; z) and a positive integer k is called the length of 
the central cycle. For the special case z = 1, we denote Rep(io, • • • ,'^k-i) = 
Rep(io, . . . 1). 

(2) Permutation representation with a chain: There is no eigenvector for any monomial 
in Sj's and there exists a vector v E 7i satisfying ||7r(s*jj^ j^)u|| = 1, (iV e N) 
for a certain sequence {ifcj^Q {ik = 1, . . . ,(i). This representation is denoted by 



Any of other permutation representations is expressed as a direct sum and a direct in- 
tegral of (1) and (2) with multiplicity. For Rep(io, • • • , V-i; z), a label {iq, . . . ,1^-1) is 
called to be periodic, if ik = ihi+k (fc = 0, 1, . . . , k — 1) is satisfied for a certain positive 
integer M(< k) under understanding that the subscripts of i^'s take values in Z^. The 
integer M (if there are more than one, the minimum of such M's) is called the period of 
the label (io, • • • ,'^k-i)- By definition, M is a divisor of k smaller than k. If 7r(sj(,,...,i^_J 
has an eigenvalue z, so does any of its cyclic permutations 7i"(sijj,... J. Hence all of n 
Rep( ^0, • • • , "^K-i; ^)'s obtained by cyclic permutations of a label (io, • • • , "^k-i) are identi- 
fied. Likewise for Rep({2fc}), a label {ifcjfcLo is called to be eventually periodic if there 
exist a positive integer M satisfying ik+M = ik for k ^ N with a nonnegative integer N. 
Rep({ifc}) and Rep({jfc}) are called to be tail equivalent if there exist nonnegative inte- 
gers M and M' such that ik+M = jk+M' (/c G N). Two tail equivalent permutation repre- 
sentations with chains are unitarily equivalent to each other.S It is knowni'H' that a per- 
mutation representation of Od is irreducible if and only if it is cyclic and its label is not 
(eventually) periodic. 

In the following, we give explicit realizations of permutation representations. Ac- 
cording to each type, it is convenient to rearrange the basis of Ti in an appropriate form. 

Rep(2o, • • • , Ik-i, z) of Od- The complete orthonormal basis of 7i is denoted by {ca,™ I 
A G Zk, m G N}. The previous basis {en\'^=i is recovered by such an identification as 

^K(m— 1)+A+1 — (^\,m- 

We define the action of 7r(sj) on by 



Rep({4}). 




for 1 ^ i ^ ix_i — 1, 

for i = ix-i, 

for za-1 + I ^ i ^ d, 



(3.7) 



vr(sj) eA,.m = ex-l,d{rn-l)+i 



for m > 2. 



(3.8) 



- 11 - 



Then, e^, I's become eigenvectors of operators {vr(sj^^,,,^j^_j^j(,^...^j^_J | A G Z^} as follows: 

7i"(si;,,...,j„_i,io,...,i;^_i) eA,i = ^eA,i, A G Zk. (3.9) 

The set of eigenvectors {ex^i \ A G Z^} is called the central cycle of Rep{io, . . . ^Ik-i] z). 
Here, one should note that the subspace spanned by {eA,m}m=i ^ fixed A is generated 
by the action of nre-th monomials {sj^^,,,j^^ | n ^ 0; ji, . . . , j^^ = 1, . . . , c?} on ca, i- The 
special case Rep(l) =Rep(l; 1) is called the standard representation and denoted by vr^ 
in RefJ): 

T^s{si)en = ed{n-i)+u i = 1, 2, . . . , d ; 72 G N, (3.10) 
where e„ = eo,n- From ( p.lO|) , it is straightforward to obtain the following formula: 

'^s ("Six ,*fe ) ,i],\n)i 



(3.11) 



for ii, ■ ■ ■ ,ik = I, . . . ,d; n G N. 

Rep({ifc}) of Od- The complete orthonormal basis of H is denoted by {eA,m | A G 
Z, m G N}. We define the action of n{si) on ?i by 

{eA-i,i+i for 1 ^ z ^ ix-i - 1, 
eA-1,1 forz = ZA-i, for A ^ 1, (3.12) 

ex-i,i for za~i + 1 ^ « ^ rf, 

7r(si) CA.m = eA-i,d(m-i)+i for A ^ or m ^ 2. (3.13) 
Then, we obtain 

^(4,...,.iv)eo,i = e7v+i,i, iVGN. (3.14) 

The set of vectors {ca, i | A G Z} is called the chain of Rep({ifc}). The subspace spanned 

by {eA,m}m=i ^ fixed A is generated by the action of O'^^^^ on ex,i- It should be noted 
that from an equality 

^(C....)eM,i = O^M^N, (3.15) 

it is obvious that Rep({jfc}) with {j^. = if:+M}'kLo, which is tail equivalent with {ik}, 
is obtained from Rep({ifc}) by rearranging the basis of H, hence Rep({jfc}) is unitarily 
equivalent with Rep({2fc}). 

In concluding this subsection, we remark on an important property of the standard 
representation. By using the homogeneous embedding of Odi {q ^ 2) into Od defined 
by (|2.16 ), the standard representation ir'f '' of Odq is obtained from ni^^ of Od as follows: 

7r(9) = 7r(^) o !Z^g. (3.16) 
Indeed, from ( p.l6| ), ( p.lO| ) and ( |3.11| ), we obtain 

q 

(vrW o %){s[)en = vr«(^n,...,ije„, z = ^(z, - l)^'^'^ + 1 

k=l 

= ^i'\s[)e^, (3.17) 



where {s[, . . . , s'^g} and {si, . . . , s^} are the generators of Odi and Od, respectively. On 
the other hand, as for other permutation representations with central cycles of length 1 
and eigenvalue 1, we have 

n'l^o^g^n^, = + t, = 2,...,d, (3.18) 

where vr-^^'* and tt^^^ stand for Rep(2o) of Od and Rep(io) of Odi, respectively, and we have 
used the symbol ^'=" to denote the unitary equivalence with taking into account that re- 
alizations of the representations are different from those given by ( |3.7| ). Here, it should 
be noted that ^q{s'r ) = {si^Y, and ( |3.18|) is obvious since there are no other monomials 
in Sj's having eigenvector except for those only in Si^. Generally, for an irreducible per- 
mutation representation with a label L = (zq, • • • (2 ^ k < oo), we obtain 

Kq/r 

41)0^,-04^), (3.19) 

where r is the least common multiple of k and g, and {Lj}j'^[ is a certain set of nonperiodic 
labels with length r/g in Odq determined by L and q. 



§§3-2. Branching of permutation representations 

Let A and B be algebras on C. From a representation vr of ^ and a homomorphism 
ip : B ^ A, we have a representation n o ip oi B hj composing vr and ip. Even if vr is 
irreducible (or indecomposable), vr o is not necessarily so. If it is possible to decompose 
7TO(p into a direct sum of a family {'Kx}xi^a of representations of B, which are representatives 
of the unitary equivalence class of representations of B, we write 

7roy,^07rA, (3.20) 

AeA 

and call it the branching of vr by if. It should be noted that the symbol "=" denotes unitary 
equivalence. Likewise, for an endomorphism (p : A^ A, we have a similar branching. 

In general, for a given irreducible permutation representation vr of the Cuntz algebra, 
a branching of vr by a kind of *-endomorphism (p is given by0'' 

7ro^ = 07ri, (3.21) 

Les 

where S denotes a certain set of irreducible permutation representations determined by 
vr and (p. Here, we give a few examples in O2 necessary in later discussions. For more 
examples and detailed discussions, see Ref. ITOj). 

We consider a family of particular {p + l)-th order permutation endomorphisms 
{'Pap}p>i defined by ( |2.41| ) with dp G ©2P+i being the transposition (Tp(l,ji,... ,jp) = 
(1, jl, ■ • ■ ,jp), crp(2, ji, . . . ,jp-i,jp) = (2, ji, . . . ,jp-i,jp), jp = S-jp-. 

VcTp{s2) = S2 ff (J), J = S2-1 + 31-2 = J* = J , 

where p is the canonical endomorphism of O2 and p^{X) = X. Then, it is shown that 

(^<xj' = ^..., PGN. (3.24) 
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Indeed, from the equality 

Jp{X) = p{X)J, X G O2, (3.25) 

we have 

^..(P"(^)) = P"(^) ff^'^iJ). n + 1 G N. (3.26) 

Hence we obtain 

(</'^P °</'aJ(si) = si 

= {^<r,°^cr^){Sl), (3.27) 

{^^^o^^^){s,) = s,ff-\J)p'^-\J)(f^^-\J) 

= {V.,°'^.,){S2). (3.28) 

Now, we consider eigenvectors of operators in the range of T^s°^ap- First, one should 
note that (|3.22|) is rewritten as follows: 



9'(7p(si) = SiUi, i = 1,2, 

2P-1 



where {S*-^^ | j = 1,2,... , 2^} denote the homogeneously embedded generators of O 



2P 



into O2 defined by (|2.16| ). By using equalities 



forl<j<2P-i, 

«2^f = " (3-30) 
[ 5^^2.-1 for 2^-1 + 1 ^j^2P, 

ji"^j2,--- ~ ^j2,--,jp,jiy Ji? • • • ^Jp = (3.31) 



tio, s 



and 7rs(si) Ci = Ci, we obtain 

7rs(<^ap(5?^*) 5*]^^) ei = 7r,(ufe^4^ ■ ■ -Mfc^^^ Sj,^,„j^) ei 

= 4i,ii7rs(Mfcp4j, ■ ■ -Wji Sj2,... jp,i) ei 

= ^kx,ji'^s{UkpS^^ ■ ■ ■MA:2'5fc2 ^j2,--- ,jp,ji) ^1 

= 4i,ji---5fep,ij,vr,(sj,,...jjei 

= 5fc,,7r,(5f )ei, j,fc = l,2,... ,2^ (3.32) 



Making TTsi^apiS^^)) act on (|3.32|) and summing up with respect to = 1, . . . , 2^, we 
obtain 

n.{^.,{Sf) ^) ei = 7r,(Sf ) ei, j = 1, 2, . . . , 2^ (3.33) 

hence TTs{Sj^^) ei is the eigenvector of {7rsO'^ap){Sj^^). Furthermore, from ( ^.3U| ) and ( |3.31| ), 
for any set of indices ji, . . . ,jmp+k = 1? 2 with m G N and 1 ^ A; ^ p, we can show that 
there is a unique set of indices j[{= ji), j'a, . . . jj[m-i)p+k = 1' 2 and j = 1, . . . , 2-^ such that 

Sh,j2,...,jmp+, = ¥'-p(^JlJ^,...,i(„_i),+J m G N, k = l,... ,p. (3.34) 
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As for Sj^^... jj, with k = 1, . . . ,p, from 71^(^1) ei = Ci, we have 
7rs(sji,...jjei = vr,(sj,,...jj7r,((si)^"^) ei 



{Sf)eu J ^ - 1)2^-1 + 1. (3.35) 



TT 



Therefore, any of the basis {e„}^^, which satisfies with d = 2 and n = 1, is given 

by an action of iT^s°'^ap){^ji,---,jm) (ji) • • • > Jm = 1, 2, m G N) on one of the 2^ eigenvectors 
in dpI) . 



For any divisor k of p, we can rewrite U2 as 

«2 = p('')-^( E (^£1-., + (3-36) 

p('^)(X) = ^S^'^^XS^'^)* = p''(X), X e O2, (3.37) 
fc=l 

where {S^'^^ \ i = 1,2,... ,2"^} denote the homogeneously embedded generators of 
into 02- Then, in the same way as above, it is shown that 

^si^.M^^) iSt¥) ei = ei, ^ = 1, 2, . . . , 2^ (3.38) 

From ( |2.16| ), we have 



op 1 

{Si^)^ = S^\ + ^ = l,...,2^ (3.39) 



hence some eigenvectors in (|3.33|) are reduced to those in ( |3.38|) . By writing S^"^^ 
1, . . . , 2'^) exphcitly as 



K 



^f^ = s.3,...,„_„ z = J2i^,.,-l)2'-' + l (3.40) 



k=l 



with io, . . . , i^-i = 1, 2, we obtain 

^s{^.M.~.) = ^.((4'^^)") slr'> ^ ..._,,o,...,..-.. (3.41) 

Therefore, if the set of indices {io, ■ ■ ■ , in-i) is not periodic in the sense stated in Sec. 3-1, 
we can see that (vr^ o <fcrp){si) {i = 1, 2) act on a set of k vectors 

7r.((s,o,.,.,,^_J«) ei, vr,((si,„„,i„_,,ij^) ei, ... , 7r,((si^_,,io,...,i^_J^) Cij (3.42) 

in such way that they constitute a central cycle of length k of the irreducible permutation 
representation Rep(io,'^i, • • • ,«k-i) of 02- 

From the above discussions, we can, now, show the branching formula of the standard 
representation tt^ by ipap as follows: 

^sO^„^= TlL, (3.43) 



where IPRp denotes a set of all irreducible permutation representations with central cycles 
and with eigenvalue 1, in which each length k of central cycles is a divisor of p. Here, k 
eigenvectors in Rep(L) with a nonperiodic label L = (zq, . . . , Ik-i) (1 ^ k ^ p) is given by 

(tTs O ^aj,)iSi^,...,i^.uio,-,ix-i) ^N{L,\) = eN{L,X), A G Z^, (3.44) 

Nil, A) = ^ X^(^A+.-i - 1)2'-' + 1, (3.45) 
For better understanding, we explicitly write (|3.43|) for p = 1, 2, 3, 4 as follows: 

T^s O fai =7^3® 7^2, (3.46) 

TT, Oy?^^ ^ TT, ©7r2 ©7ri,2, (3.47) 

TTs O faa = © 7r2 © 7ri,i,2 © 1Tl,2,2, (3.48) 

TTs O '^a4 = VT^ © 7r2 © 7ri^2 © ^Ti^i^i^s © T!'l,l,2,2 © 7ri^2,2,2, (3.49) 

where 7iiQ^,,,^i^_-^ (k = 1,2,3,4) denotes Rep(zo, • • • ,V-i)- Since it is easy to reconfirm 
( p. 461 ), we show it concretely in the following. 

From 7Cs{si)ei = Ci [i = 1, 2), which is obtained from ( p.lO ) with d = 2, and 

Js, = s., J = 3- J, J = 1,2, (3.50) 

we have 

(vr^ o (^^J(si) ei = ei, (3.51) 

{rCs O ip^J{s2) 62 = 62. (3.52) 

Furthermore, from ( |3.5CI| ) and U2 = J, we obtain 

Sii,i2,...jfc+i = -^'I'^a' • • • '^'fc+i = 1' 2, (3.53) 

(sj^ for = 1, 

Sj'^=Sj„ Sj'^ = Uj'^_^Sj^ = < i = 2,...,k + l, (3.54) 

Uj, forj^_i=2. 



hence we have 



(-l)^'^i = (-1)J'^-1(-1)jVi-\ £ = 2,... ,A; + 1, (3.55) 

fe+i 

[-iyU.~^ = (3.56) 



£=1 



that is, we have j^^-^ = 1 if the number of 2 in {ji, . . . ,jk+i} is even, and = 2 other- 
wise. Therefore, any of {6n}'^=i, which is expressed as vrs(sj^,.,. ^^^.^J ei with ii, . . . ,ik+i = 
1, 2, is uniquely given by an action of (tt^ o V5cri)(sji,... Jj.) on either ei or 62 with an appro- 
priate set of indices {ji, ... , = 1, 2}. Thus, we obtain (|3.46|) . 

Next, we consider the branching number Bp of vr^ by (p^p, which is defined by the 
number of irreducible permutation representations appearing in the rhs of (|3.43|) . We can 
obtain Bp in the following way. First, let C„ be the number of irreducible permutation 
representations Rep(io, • • • ,'^n-i)- One should note the following: (1) Rep(zo, . . . ,in~i) 
is defined up to cyclic permutations of the label; (2) if Rep(«o, • • • ,^n-i) is periodic, its 
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periodicity is a divisor of n except for n itself; (3) the total number of Rep(io, • • • , '^n-i)'s 
involving reducible or redundant ones is given by 2". Then, the recurrence formula for 
Cn is given by 



(3.57) 



, keD„ 



with Dn being the whole set of divisors of n. In terms of C„, Bp is given by 

Bp=Y,Cn (3.58) 



with Dp being the whole set of divisors of p. Since it is an elementary problem to solve 
( p. 571) , we give here its solution without proof. Let n = rt^^ ■ ■ -n^^ be the factorization 
of n in prime numbers. Then, Cn {n ^ 2) is given by 



Cn — — 
n 



2" + ^(_l)^ 2"/("^ 



■•n-kp) 



1=1 



(3.59) 



In particular, for a prime number n(^ 2), we have 

2" - 2 



Cn 



n 



(3.60) 



In concluding this subsection, we show that, for any irreducible permutation repre- 
sentation with a central cycle, ttj^, we can explicitly construct a >K-endomorphism so 
that it yields only the standard representation vr^ as follows: 

TTLOyj^TT^. (3.61) 

For example, in O21 (|3.61|) for L = (1, 2) is satisfied by the *-endomorphism ip as follows: 

^isi)=Si^2, V5(S2) = S2;l + Si,i;2, (3.62) 

which is one of the inhomogeneous endomorphisms defined by ( p. 43 ). Indeed, it is straight- 
forward to show that v^(sj^^...^j„) for any index {ii, ... ,«„) involves none of monomials in 
the form of {(^2,1) 



.^2,1 



\m—l „* 



l,...,A.(Sl,2)™ '4,...jJ with Ji,... ,jk 



m ^ 1, 



1,2; k ^ 1, and m ^ 1, hence there is no eigenvector except for (7ri_2 o ip)(.si). On the 
other hand, from ( |3.62| ), we have 

<^((S2)'™-') = S2{s,r-'si + {s,r+h;, 

hence we obtain 

V{{S2Y"'S^) = (Si)"^Si,2, 



m 



> 0. 



(3.63) 



(3.64) 



Since any monomial Sji,... ,jj.,i,2 is uniquely written as a product of the monomials appearing 
in the rhs of ( p.64| ), it is rewritten into V'(sjj,... j^) with an appropriate set of indices 



01, •• 



1,2}. Therefore, any of the basis of Rep(l,2), {ca, 



A 



0, 1; me 



N}, which is expressed as vti 2(5^^^...^^.) Cq, 1 = 'i^l,2isjl,...j^.,l,2) ^0,1, is rewritten into (7ri 2 o 
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V^)i^j'-i,-, j'f) ^0 .1- Thus, from (7ri_2 o (/?)(si)eo,i = eo,i, we obtain ( |3.61| ) for L = (1,2). 
Besides ( p.62| ), ( |3.61D is satisfied also by (p'{si) = S2,i and ^p'{s2) = S2,2;i + si;2- However, it 



should be noted that the *-endomorphism defined by (p"{si) = si^2 and (p"{s2) = Si,i;i + S2;2 
(or (p"{si) = S2,i and </?"(s2) = + S2,2;2) does not satisfy ( p.61|) , that is, 7ri_2 o ip" yields 
a direct sum of vr^ and an infinite number of 112. 

In general, in O2, for any tcl with a nonperiodic label L = {io, ■ ■ ■ 
satisfied by the *-endomorphism (p defined by 



-1; 



), (piD is 



V{s2) = ^SjT*, 



(3.65) 



Si : 
Sk+1 '■■ 



Tl — Sjg, 



«0, 



,lj_2,«j-l' 
.. ,iK-2,jft-l ) 



,«j_2,«j-l' 
.«fC-3:«K-2 ' 



2 ^ J ^ ft, 



2^J 



< 



ft 



(3.66) 



(3.67) 



with i = 3 — i, where {Si, . . . , S'^+i} and {Ti, . . . , T«;} are specific generators of and 
embedded into O2, respectively. 
It is possible to obtain such a *-endomorphism also for Od (rf ^ 3), but it is rather 
complicated to construct a general formula similar to ( |3.65|) - (|3.67| ). We give here an 
example in O3: ( 3.61 ) for tt^ with L = (1,2,1,3) is satisfied by the >K-endomorphism cp 
defined by 



V{si) = Si,2,l,3, 
(p{s2) = S2, 

¥^{^3) = -53;! + ■5l,3;2,2 + ■5l,l;3,2 + ■§1,2,2; 1,2 + ^l, 2,3; 2,3 + -51,2,1,1; 3,3 + -51,2,1,2; 1,. 



(3.68) 



§4. Recursive Fermion System 

In this section, we summarize the construction of the recursive fermion system 
(RFSp),0* which gives embeddings of the CAR algebra into O2P (p G N). We denote the 
generators of the CAR algebra by {a„ | n G N} which satisfy 

{am, an} = 0, {am, <} = 5m,nl, m, n G N. (4.1) 



§§4-1. Definition of RFSp in O2P 

Let ai, a2, . . . , ttp G O2P, Cp '■ — ^ O2V be a linear mapping, and a unital 
*-endomorphism of O2V, respectively. A set Rp = (ai, a2, . . . , Up] (p, ipp) is called a 
recursive fermion system of order p (RFSp) in O2P, if it satisfies the following conditions 

(i) seed condition: {ttj, a^} = 0, {a^, a^} = (5j,fcJ, j,/c = l,... ,j9, (4.2) 

(ii) recursive condition: {a^, Cp(X)} = 0, Cp(^)* = Cp(^*), X G C2P, (4.3) 

(iii) normalization condition: C,p{X)Cp{Y) = 'P^piXY), X,Y e O2P (4.4) 



and none of {ai, . . . , ttp} is expressed as Cp{^) with X G 02P- We call aj {j = 1, . . . ,p) 
and Cp the seeds and the recursive map of RFSp, respectively. The embedding of the 
CAR algebra into O2P associated with Rp is defined by 



<pRpiap(m-i)+j) = Cp"^(«j) j = 1, • • • ,p; meN. 



(4.5) 



We denote Ar^ = <Pr^{CAR) and call it the CAR subalgebra of O2P associated with Rp. 

The simplest example of RFSp is given by the standard RFSp SRp = 
(tti, ... , ttp] (p, ipp), which is defined by 



fc=l £=1 
2P 



P r 



2P) 



2P 



(4.6) 
(4.7) 
(4.8) 



where [x] denotes the largest integer not greater than x, and p2P being the canonical 
endomorphism ( ^.2U| ) of 02P- It is shown that AsRp = C^2P^^'' t>y mathematical induction, 
that is, any Sj^^... ^j^.; jj,^... e O^*'"'^^ is expressed in terms of a„ (n ^ kp). 
Especially, SRp for p = 1, 2, 3, 4 are given by 



SRi < 



SR2 { 



SR, 



Ci{X) = siXsl-S2Xsl, Xe02, 
MX) = P2{X) = E s^Xsl X G O2. 

i=l 

O-l = ■5i;2 + S3;4, 
^2 = ■Si;3 — S2;4, 

C2(X) = s.Xsi - S2XXI - sgXs* + X e O4, 

<^2(X) = p4(X) = E s.Xs*, X e O4. 

= Si-2 + ■S3;4 + S5:6 + S7;8, 
^2 = Si;3 - S2;4 + S5;7 " S6;8, 
^3 = ■5l;5 ~ ■52;6 "~ -^S;? + ■54;8; 

C3(X) = siXsl - S2XXI - 53X5^ + 54X5^ 

- s^Xsl + s&Xxl + 57X5^ - s^Xsl, X eOs 

MX) = ps{X) = E s.Xsl X G Os. 

i=l 



(4.9) 



(4.10) 



(4.11) 
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SR4 ^ 



ai = Si;2 + S3;4 + S5;6 + S7;8 + S9;io + Sii;i2 + Si3;i4 + Si5;i6, 
= ■Sl;3 ~ ■52;4 + S5;7 ~ ^^-fi + -SQ;!! — ■5l0;12 + Sl3;l5 — S14.16, 
^3 = ■5l;5 ~ ■52;6 ~ -SS;? + ■S4;8 + ■S9;13 ~ ■5l0;14 ~ ■5ll;15 + ■5l2;16) 
O-^ = ■Si;9 — S2;10 — Ss;!! + S4;i2 — S5;i3 + S6;14 + ■S7;i5 — S8;16, 
C3(X) = siXsl - S2XXI - s^iXsl + S4XSI 

- S5XS5 + SqXxI + SyXsj - SgXsg 

- SgXs*g + SiqXxIq + SuXsl^ - ^12X5^2 

+ Si3Xs*3 - Si4Xx*4 - Si5Xs*5 + Si^Xslf^, X G O 
16 

iP3{x) = p,,{x) = Zs^Xs*, XeOs. 

i=l 



(4.12) 



16; 



As for the standard RFSi, it is easy to write down Sj^^.,, ^j^; j^^... G O 
terms of ^sRi(a„) (n ^ k) explicitly as follows: 

^5i?i(am)^5iJi(am)* for {im, jm) = (1, 1), 

^SRiiam) for (im, jm) = (1, 2), 

'^SRiicLm)* for {im, Jm) = (2, 1), 

'^snAamT'^SRiiam) for (2m, jm) = (2, 2), 



2^«, ^ 1, in 



m = 1, 2, 



, /c. 



(4.13) 



(4.14) 



X] - 2) = tlji e {wi, • • • ,ik,jm+i, ■■■ ,jk} 2 = 2| 



£=m+l 



(4.15) 



Besides the above standard RFS SRp satisfying AsRp = 02p^\ we can construct a 
RFS i?p so as to obtain Ar^ O^^^^ . Let be an arbitrary inhomogeneous endomorphism 
of O1V in the form of (p.43|) , and define a RFSp by Ry = (ai, ... , ap] (p, ipp) which is 
obtained from (^?B|)-(^^) by replacing Si by ^{si) (i = 1, . . . ,2^). Then, the embedding 
<pR^ of the CAR algebra into O2P associated with Rp is given by 



(4.16) 



Since ip does not commute with the U{1) action 7 defined by (^.7|), we have indeed 
<pR^{CAR) = {if o <PsRp)iCAR) = ^(Oj^^^) <^ O^j^l For later use, we give two such 
examples in the case of p = 1 : 



^(■Sl) = ■51,2, V5(S2) = S2;l + Si,i;2, 

O'l = ■5l,2,l;2 + -51,2,2; 1,1, 

Cl(X) = Si,2XSi^2 - (■52;1 + Sl,l;2)X(si;2 + S2;l,l), 

V(Sl) = Si;! + ■S2,l;2, V5(S2) = ^2,2, 

ttl = Si; 1,2,2 + 52,1; 2,2,2, 

Cl(X) = (Si-i + S2,l;2)X(Si.i + S2;l,2) - S2,2XS2,2- 
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(4.17) 



(4.18) 



Here, the *-endomorphism Lp in ( [4.17| ) is the same as ( p.62| ). 



§§4-2. Reduction of the standard RFSp (p ^ 2) to the standard RFSi 

Using the homogeneous embedding (Z'p of Oiv {p ^ 2) into O2 defined by ( |2.16| ) 
with d = 2, it is shown that the standard RFSp reduces to the standard RFSi. In this 
subsection, we denote the seeds of the standard RFSp {p ^ 1) in O2P by a^^"* (j = 1, . . . ,p). 

First, we show that the following equality is satisfied: 



-^pi^f ) = cr J = 1,2,..., p. 

Indeed, from ( [4.6|) and ( |2.18|) with d = 2, we have 

W.ia?) = Y: sit At = E s^St''sr'*4 = s., = a? 

k=l k=l 

^ '^2J{fc-l)+^*-^2J-l(2fe-l)+£ 

k=l 1=1 

\} ' '^2J(fc-l)+2^'-l'^2J-i 

k=l l'=l 

^ V ^) '^2J(fc-l)+2£''-^2J-i(2fc-l)+2£' 



(4.19) 



(4.20) 



i{2fc-l)+2^'-l 



k=i e=i 



1 "^2^ -1 (A:- 1)+^' "^2^ -2 (2fe- !)+£' 1 



■^2'-'2J-i(fc-l)+^''-'2J-2(2A:-l)+£ 

■ = cr\>^p-,+i(ar^'^^^)) 



(p-1) * 



Ci(>Z>p-i(af_-^))) 



a 3 = 2,?,,... ,p, 



(4.21) 



where (|2l^ ) for O2P-1 is used, and ip'i should be understood as the identity map on 
Likewise, for the recursive map Cp, we have 



2P 



i=l 
2P 



ip)- 

'2i> 



i'=l 



i'=i 



2P-1 r , 

i=l 



(4.22) 
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Therefore, we obtain 



O <PsR,)ia,^m-l)^,) = %iCr {<)) 

= ^5fli(ap(™-i)+j), J = l,2,...,p; m e N, (4.23) 



hence 

o ^sflj(an) = ^sfli(«n), e N. (4.24) 

From the above calculations, it is straightforward to generalize ([4.24| ) to the following 
form: 

^r,pO<^SR,=<^SRri (4.25) 

where \[^r,p denotes the homogeneous embedding of O2P into 02'- with r being an arbitrary 
divisor of p. 



§5. Restriction of Permutation Representations to CAR Subalgebra 

In the previous sections, we have discussed on some properties of embeddings, *- 
endomorphisms, the permutation representations and branchings in the Cuntz algebra, 
and introduced the construction of the recursive fermion system. Hereafter, we discuss 
on properties of the CAR algebra by restricting those of the Cuntz algebra through the 
recursive fermion system. 

§§5-1. Fock(-like) representation 

As shown in Ref. ||), the restriction of the standard representation ni^^ of O2P to AsRp 
for an arbitrary p gives the Fock representation, which is denoted by Rep[l], as follows: 

7r(P)(a„)ei = 0, neN, (5.1) 

7i"l^n<i<2 ■■■<,.) ei = e^(„i,.. .,„,), 1 ^ ni < na < ■ ■ ■ < nfc, (5.2) 

N{ni, ... ,nk)^l + 2"i-i + ■ ■ ■ + 2"*-\ (5.3) 

where we make an identification of ^sRpio-n) with a„ for simplicity of description. Since 
it is obvious that any n G N is expressible in the form of N{ni, . . . , n^) — 1, (n G N) is 
uniquely given in the form of the Ihs of ( p. 21 ), that is, ei is the unique vacuum and a cyclic 
vector of the representation. We can, now, see the fact that the above Fock representation 
is strictly common to all p is nothing but a direct consequence of ( 3.16 ) and ( 4.24 ): 

vri^^ o (PsRp = (tt, o ipp) o (psRp 

= TT, O {^p O (PsRp) = TT, O (PsR, , (5.4) 

where vr^ is the standard representation of O2. 

As a straightforward generalization of the above, we consider the restriction of 
Rep(io; z) (zq = 1, • • • ,2^) of O2P to Asr^. From (pD-(i3) and with eo,m = e^, 
we have 

vrJVp(™-i)+.) ei = 5.o.,2 (-1)^— vrjf ((.,J™-i.,„_2.-0 e,, (5.5) 
ei = 5.o.,i (-1)^--™ z-"^7^i^\{s,,r-'s,,^2^-^) ei. (5.6) 
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p 

where m G N, j = 1, 2, . . . ,p, and ioj is obtained from = X](^oj ~ 1)2-'"-'^ + 1 with 

^0,1; • • • ; "^o.p = 1) 2; Ni^j^rn and N-^j^^ are certain integers determined by io, j, m. There- 
fore, using a Bogohubov transformation (/>io(= (/>^^) defined by 



5io(«p{m~i)+i) = m eN, J = 1,... ,p, (5.7) 

for ioj = 2, 



we obtain 



^J^(«^^)ei = 0, a^)^0,„(a„), n G N. (5i 



It is shown in the same way as (|5.2|) that any of {e„}^]^ is given by an action of 



7r|^''(ai\°^* ■ ■ -anl^*) {rii < ■ ■ ■ < rik) on ci. We call this (irreducible) Fock-like represen- 
tation of the CAR algebra the (piQ-Fock representation, and denote it by Rep*^P^[io]- We 
have the following relations: 

Rep(^)M = Rep(P)(^o; z)o$sR, 
= Rep[l] o 

= Focko0,„, zo = l,2,... ,2^'. (5.9) 



§§5-2. Restriction of permutation representation with central cycle to CAR 

Now, we consider a generic irreducible permutation representation with a central 
cycle and with an eigenvalue z {\z\ = 1), Rep(L; z) of O2, where L = {io,ii,... 
denotes the label of the representation. First, let us recall the k eigenvectors ca, 1 (A = 
0, 1, . . . , K — 1) in Rep(L; z) given by ( |3.9|) . Then, for n = K{m — 1) + £ with m G N and 
£ = 1,2,... , K, we have 

7rL(a„) ca,! 

= z-'Mcf'^-'^^'-'is^.,,)) 7r4(..„...,^_,,„,...,,_J-) eA,i 

= ('_n{™-l)^A,«.+AfA,<-i^'ri7]- /Co. . )™-le. . , „e. . ■ ) e^ ^ 

= K,.^u2{-lf^^-^z''Mi'^x,...,^x-T-'^^x,...,^^^^^^ (5-10) 

= 7r4cr(™-^)+^-^(.2;i))eA,i 

= -z-n,{ci"'-'^^^'-\s,.,,)) n,{is.x,.....-..o,....x-.r) eA,i 

= (-l)^^--^^"^vr4(.,,,...,,,,_J™-i.,,,,..,,^,_,,2,^^^ eA,i. (5.11) 

i-i 

where A^aj = J2 (^A+r — 1) (A^a,o = 0) is the number of 2 in {^a, • • • , ix+j~i}- One should 

r=0 

note that the subscripts of indices ^^'s take values in Z^. Therefore, using a Bogoliubov 

-23 



transformation (jy^^x defined by 

(-l)^^'"-'aK{m-i)+£ for ix+i~i = 1, 
' '^r^^-'Kim-D+e for U+^-i = 2, 



. . . ,11,, 



(5.12) 



we obtain 

vrL(ai-'^)eA,i =0, al^^ ^ <f)L,x{an), neN, (5.13) 

hence ca, i (A = 0, 1, . . . , k — 1) is a vacuum for the annihilation operators {ai^'' | n G N}, 

and the corresponding Fock space Ti^'^l is generated by 7^L{arii*cin2*---ciiir*)Gx,i with 
ni < < ■ ■ • < Tij., r G N. In the special case = fi:(m — 1) + (m G N, 1 ^ £i < 
■ ■ ■ < £r ^ K, 1 ^ r ^ A;), we have 

(5.14) 

S J s ■ ■ " ■ ■ " ■ ■ ^ 

with i£ = 3 — ig. Here, one should note that sj in ( 5.14|) takes any K-th order monomial 
of Sj {i = 1, 2) other than On the other hand, in the case rii = n{mi — 1) + £j 

{nil < ■ ■ ■ < TTLr , 1 ^ ^ k) , we have 

■ ■ ■ «^.^*) eA,i = -z"^^ vr4(s.„...,,_J--is,,(s.,,...,,_J™™-is,, ■ ■ ■ 

x---(s.„...,,_J"^--^5j.)eA,i, (5.15) 

Taking (|3.9| ) into account, it is, now, easy to infer that any n/t-th {n = 0, 1, . . . ) order 
monomial of Si {i = 1, 2) acting on ca, i is uniquely given by 7ri,(ai^''*ai^^* ■ ■ ■ ai^?*) Ca, i 
up to a f/(l) factor with a suitable set of {rii < n2 < ■ • ■ < rir}. Therefore, we haveQ 

^1^1 = Lin( { ex,u T^iia^^^* ■ ■ ■ a^*) ca, i, 1 ^ < • ■ ■ < n,; r ^ 1 } ) 
= Un{{ TCLisj^,,„j„Jex,i \ ji = 1, 2; i = 1, . . . , n/t; n ^ } ) 
= Lin({ CA,™ I mGN }). (5.16) 

It is obvious that a direct sum of H^^^ (A = 0, 1, . . . , k — gives the total Hilbert space H: 

K-l 

07^W =Lin({ CA,™ I AgZ,, mGN})=7^. (5.17) 



A=0 



Therefore, the restriction of the irreducible permutation representation Rep(L; z) of O2 
to AsRi gives a direct sum of k 02.,A-Fock representations as follows: 



Rep(L; z)\ ^0 (Pock o 0^,;,) . (5.18) 



•^^^1 A=0 



^It should be understood that the completion of the Hilbert space is carried out. 



This result is nothing but an exphcit reahzation of the general theory for restriction of 
the permutation representation with a central cycle of Od to O^*"^"* discussed in Ref. |). 

It should be noted that it is also possible to derive the above formula ( |5.18| ) by using 
the homogeneous embedding of C^2« into 02- From ( p.l6D , we have 



5^."'(si„...,i„._i,io,...,*,_J=4A), ^(A) = ^(«A+^_i- 1)2^-1 + 1, A = 0,1,... 



e=i 



(5.19) 



where the generators of (92« are denoted by {s'j | z = 1, 2, . . . , 2'^}. Hence we can rewrite 
n as 



(7rLo!^^)(s'.(^))eA,i = ^eA,i, A = 0, 1, . . . , k - 1, (5.20) 

which shows that ttl o iP'k is a reducible permutation representation of 02'^ consisting of a 
direct sum of k irreducible ones, i.e., Rep*^'^^(i(A); z) (A = 0, 1, . . . , n — 1). Therefore, we 
obtain 



Rep(L; z) 



K— 1 re— 1 



0RepW(2(A); z)o$sr. ^ (Focko0,(,)) (5.21) 



A=0 A=0 



where use has been made of ( |5.9| ) with p = k. Here, from ( p.7| ) with p = k and ( |5.12| ), 
0i(A)(an) for each n G N is identical with 4>L,x{cin) up to sign. Hence the rhs of (|5.21| ) is 
unitarily equivalent with the rhs of ( p. 181 ). 



§§5-3. Restriction of permutation representation with chain to CAR 

In the same way as above, it is straightforward to obtain the restriction of the 
permutation representation with a chain of O2, Rep(Loo) with L^o = {'ik}kLv -^SRi- 
By direct calculations using (p.l2|) -( p.l5|) , we have 

TTi^ (an) eA,l = 5i;,+„_i,2(-l)^^'"S*;„...,i;,+„_2,ieA+n,l, (5.22) 
TTLoo «) ex, 1 = 1 (-1)^^'"S,^,... ,u+„_2,2 CA+n, 1, (5.23) 

n-2 

where Nx,n = Yl i^x+j - 1) ('^ = 2, A^a.i = 0) is the number of 2 in {^a, «a+i, • • • , n+n-2}, 

j=0 

and we set = 1 for /c < 0. By using a Bogoliubov transformation 0l^,a defined by 

f(-l)^^."a„ foriA+n-i = l, 
0w(an) = <^^ (5.24) 
U-l)^^-< forz,+„_i = 2, 

we obtain 

^L^(ai^^)eA,i = 0, ai^) =0z.^,A(a„), n G N, (5.25) 

hence Ca, 1 (A G Z) is a vacuum for the annihilation operators {ai^'' | n G N}, and 

the corresponding Fock space Ti^'^l is generated by vr^^ {ai'}*a!'n2* " " " Om}*) ex,i with ni < 
77,2 < ■ ■ ■ < n,., r G N. From 

7i"LooK-^?* ■■■ 4?*)eA,i = 7rL^(sj)eA+n,,i, ^^26) 

"^«Ai-- - )*A + ni-2>«A + ni-li«A + ni V >iA + n2 -2 :«A + n2 - 1 )*A + n2 ) ■ ■ ■ i*A + nr. -2 )*A + nr- - 1 
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with = 3 — ij, and noting that sj takes any n^-th monomial except for we 
obtain 

T^W = Lin( { ex,i, vr^a^* ■ ■ ■ a^^^)*) eA,i, 1 ^ ni < ■ ■ ■ < n,; r ^ 1 } ) 

= Un{{ex,m \ meN}). (5.27) 

Hence the total Hilbert space 7i is a direct sum of an infinite number of the above Fock- 
like spaces: 

n = ^n^^l (5.28) 
Aez 

Thus, the restriction of the permutation representation with a chain of O2 to Asri gives 
a direct sum of an infinite number of (p^^ x-Fock representations. 



§§5-4. L/(l)-variant RFS 

So far, we have studied the restriction of the permutation representations of O2 (or 
O2P with p ^ 2) to AsRi = 02^^^ (or AsRp = O^^^"*), and found that the resultant repre- 
sentations are reducible in general except for the case of the permutation representation 
with a central cycle of length 1. However, for a RFSi Ri with Ar-^ ^ 02^^\ the situation 
changes drastically. In the following, we briefly describe this feature. 

In O2, for any irreducible permutation representation with a central cycle, ttl, there 
exists a RFS -Ri such that til o (Pr-^ is an irreducible representation of the CAR algebra. 
This fact is nothing but the result of the existence of the *-endomorphism ip satisfying 
( |3.61[ ), which is explicitly given by ( |3.65[ )-( p.67| ). Indeed, if we define -Ri by ( [4.16| ), then 



we have 



ttl o^Ki = ttl o (y? o $5^J 
= (vTl 0^)0 '^SRi 
= TT, O $sR^ 

= Fock. (5.29) 



An example for the case L = (1, 2) is given by ( ^.17] ). In this case, the eigenvector eo,i of 
7ri,2('5i,2) satisfies 

(vri,2 o (pR, ) (a„) eo,i = 0, n G N, (5.30) 

and any vector in {eo,m, Gi,n} ("^ = 2, n ^ 1) is uniquely given by 

(vri,2 o^/jJ«^ ■ ■ -a^Jeo,! (5.31) 

with an appropriate set of positive integers rii < ■ ■ ■ < n^, k ^ 1. 

On the other hand, there also exists a RFSi -Ri with Ar-^ ^ C^*-^^ such that vr^ o 
(more generally, vr o ^j^^ with an arbitrary irreducible representation vr) gives an infinitely 
decomposable representation just like o $sRi- An example is given by ( |4.18| ). Since 
the term involving Si;i at the right of X in Ci(^) defined by ( [4.18| ) vanishes if X includes 
S2 at its right end, it is obvious that any of <Pr-^ (an) {n G N) involves s*2 at its right end. 
Therefore, from 7rs(si) = e2m-i (m G N), we obtain 

(tt. o <pR,){an)e2n,-i = 0, n G N (5.32) 
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for each m G N, which means that there exist an infinite number of vacuums {e2m-i} 
(m G N). Hence the restriction of Rep(l) to the above RFS is a direct sum of an infinite 
number of Fock representations as follows: 

= (Fock)®°°. (5.33) 



§6. Restriction of Permutation Endomorphisms of O2 to A-sri 

We consider the restriction of the permutation endomorphism (f^ of O2 defined by 
( |2.40|) and (|2.41|) to the CAR subalgebra Asr^ associated with the standard RFSi defined 
by (^^)-(^78|). Since ipa- commutes with the U{1) action 7 defined by {\i.7\), we have 

C (6.1) 
Thus, the restriction of (pcr to O^*-^'' = Asr^ yields a *-endomorphism 

: CAR ^ CAR, 

(6.2) 

= ^SRi ^SRi 

of the CAR algebra. In this section, we identify '^sRi{cLn) with a„, hence (pu with ipa, for 
simplicity of description. First, we study all the second order permutation endomorphisms 
and after that we consider some higher order ones. 



§§6-1. The second order permutation endomorphisms 

To specify each of the second order permutation endomorphisms of O2 defined by 
( p. 401) , we denote it as follows: 

2 2 

ip„{si) = ^ '5^^Q-_i)2+i)Si = ^'^('^'J') ^i' ^ = 1' 2, ^ e 64, (6.3) 
i=i i=i 

where Sf^ = Si^i, S'j^'' = S2,i, S^^ = Si^2, = 52,2- Here, from the one-to-one corre- 
spondence between S^'^^ and Si^^i^, a natural action of cr G ©4 on {ii,i2) G {1,2}^ is in- 
duced. For example, a = [1,3] and a = [1, 2, 4] denote the transposition of (1,1) ^ (1,2), 
and the cyclic permutation of (1, 1) (2, 1) — (2, 2) — > (1, 1), respectively. 

Let a be the ^-automorphism of O2 defined by a{si) = so, 0(^2) = si. Then, all the 
second order permutation endomorphisms of O2 are given hy^ 

(6.4) 
(6.5) 



(6.7) 
(6.8) 
(6.9) 
(6.10) 
(6.11) 







= id, 












[si) 


= S2,1;1 + Sl,2;2 


¥^[1,21(52) 


= Sl,l;l + S2,2;2, 








[si) 


= Sl,2;l + Sl,l;2, 


<^[1,3](S2) 


= S2, 


¥'[1,3] 


= a (y9[2,4] a 




[si) 


= ■52,2;l + '5l,2;2 


<^[1,4](S2) 


= ■52,l;l + '5l,l;2, 






V^[2,3] 


isi) 


= ■5l,l;l + S2,l;2, 


^[2,3] (S2) 


= ■5l,2;l + S2,2;2, 


¥^[2,3] 


=p, 


V^[2,4] 


[si) 


= Sl, 


<^[2,4](S2) 


= ■52,2;1 + S2,1;2, 






V^[3,4] 


[si) 


= ■Sl,l;l + S2,2;2 


¥^[3,41(52) 


= ■52,l;l + 'Sl,2;2, 


¥^[3,4] 


= ¥^[1,2] a. 


^^[1,2] [3,4] 


[si) 


= ■52, 


¥'[1,2] [3,4] (^2) 


= Sl, 


¥^[1,2] [3,4] 





-27- 



</'[l,3][2,4] 




= '5l,2;l + Sl,l;2, 


</'[l,3][2,4] 


{S2) 


= '52,2;1 + S2,1;2, 


</'[l,3][2,4] 


= ¥'[1,4] [2,3] o a, 


(6.12) 


V^[l,4][2,3 




= "S2,2;1 + S2,1;2, 


'/'[1, 4] [2,3 


is2) 


= Sl,2;l + Sl,l;2, 






(6.13) 


V[l,2,S\ 


(Sl) 


= S2,l;l + Sl,l;2, 


V^[l,2,3] 


{S2) 


= Sl,2;l + S2,2;2; 






(6.14) 






= S2,l;l + Sl,2;2) 


V^[l,2,4] 


is2) 


= S2,2;l + "Sl,l;2; 






(6.15) 


V^[l,3,2 


G^i) 


= Sl,2;l + S2,l;2i 


V'[l,3,2 


is2) 


= Sl,l;l + S2,2;2; 


¥'[1,3,2] 


= V'[2,3,4] O «, 


(6.16) 


V'[l,3,4] 




= Sl,2;l + S2,2;2) 


V^[l,3,4] 


is2) 


= S2,1:1 + Sl,l;2; 


<^[1,3,4] 


= ¥'[1,2,3]°", 


(6.17) 


¥^[1,4,2 


G^i) 


= S2,2;l + Sl,2;2, 


¥'[1,4,2] 


is2) 


= Sl,l;l + S2,l;2, 


¥'[1,4,2] 


= ¥'[2,4,3] o a, 


(6.18) 




{si) 


= 'S2,2;1 + Sl,l;2, 


^[1,4,3] 


is2) 


= 'S2,1;1 + Sl,2;2, 


¥'[1,4,3] 


= ¥'[1,2,4] o a, 


(6.19) 




(si) 


= Si,i;i + S2,2;2, 


^[2,3,4] 


is2) 


= Sl,2;l + S2,l;2, 






(6.20) 


</'[2,4,3] 


(si) 


= Si,i;i + S2,l;2, 


f [2,4,3] 


is2) 


= 'S2,2;1 + Sl,2;2, 


¥'[2,4,3] 


= ao¥'[i,2,3]OQ;, 


(6.21) 


</^[l,2,3,4] 


(si) 


= S2, 


f [1,2,3,4] 


is2) 


= Sl,2;l + Sl,l;2, 


¥'[1,2,3,4] 


= ¥'[1,3] o Oi, 


(6.22) 


'/'[1,2,4,3] 


(si) 


= S2,l;l + Sl,l;2, 


^^[1,2,4,3] 


is2) 


= '52,2;l + '5l,2;2, 


¥'[1,2,4,3] 


= ¥'[1,4] o Oi, 


(6.23) 


</^[l,3,2,4 




= Si,2;l + S2,l;2, 


¥'[1,3,2,4] 


is2) 


= S2,2;1 + Sl,l;2, 






(6.24) 


¥^[1,3,4,2; 




= '5l,2;l + S2,2;2, 


¥'[1,3,4,2] 


(«2) 


= Si,i;i+S2,l;2, 


¥'[1,3,4,2] 


= ¥'[2,3] o a, 


(6.25) 


¥^[1,4,2,3 


isi) 


= S2,2;1 + Sl,l;2, 


¥'[1,4,2,3 


(^^2) 


= Sl,2;l + S2,l;2, 


¥'[1,4,2,3] 


= ¥'[1,3,2,4] O tt, 


(6.26) 


¥^[1,4,3,2 


is,) 


= 'S2,2;1 + S2,1;2, 


¥^[1,4,3,2 


(^2) 


= Sl, 


<^[1,4,3,2] 


= ¥'[2,4] o a, 


(6.27) 



where p is the canonical endomorphism of 

First, we note that there are four *-automorphisms in the above *-endomorphisms: 
ipid = id, ¥'[i,2][3,4] = a, ¥'[i,3][2,4] and [1,4] [2,3]- As for ¥'[i,4][2,3], we can rewrite it as follows: 

¥'[i,4][2,3](si) = S2J = JsiJ*, (6.28) 

¥'[1,4][2,3](S2) = SiJ = JS2J*, (6.29) 
J = S2;l + Sl;2, J* = J, J' = /, (6.30) 

where J satisfies Jsi = S2 and Js2 = si. Thus, ¥'[1,4] [2,3] is an inner *-automorphism: 
Si and S2 are expressed in terms of ti = ¥'[1,4] [2,3] (si), {i = 1, 2) owing to the identity 
^2;i + ^i;2 = J J J* = J- On the other hand, since a is an outer *-automorphism, so is 

¥'[1,3] [2,4] (= ¥'[1,4] [2,3] O a)- 

It should be noted that the restriction of the *-automorphism a — ¥'[1,2] [3,4] to Asri 
gives the following Bogoliubov transformation: 

a{a„) = aiCr'M) = (-l)"-'<, n e N. (6.31) 

Therefore, we obtain ((p^oa){an) = (— l)""^93o-(«n)*- Hence we hereafter restrict ourselves 
to consider only the eleven *-endomorphisms in the following: ¥'[1,2], ¥'[1,3], ¥'[i,4], ¥'[2,3] (= 

P), ¥'[2,4], ¥'[1,4][2,3], ¥'[1,2,3], ¥'[1,2,4], ¥'[2,3,4], ¥'[2,4,3], ¥'[1,3,2,4]- 

Since ¥'[1,4] [2,3] is an inner *-automorphism, it is easy to obtain its restriction to Asri' 

{al for n = 1, 
(6.32) 
—ttn for n ^ 2. 

Hence this *- automorphism of Asri is nothing but a Bogoliubov transformation up to 
sign for a specific mode ai. 
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Next, we consider the restrictions of (^[1,2,3] and </'[2,4,3]- As for v^[i,2,3], we have 

V5[l,2,3] («l) = ■32,1; 2,1 + 2,2 = ^2 + Si Oi (6.33) 

If X G C2 satisfies 2,3](X) = S2 X s* + Si X $2, we have 

V5[l,2,3](Cl(^)) = (■S2,l;l + Sl,l;2)(s2XSi + Si X S2) (Si; 1,2 + S2;l,l) 

- (Sl,2;l + S2,2;2)(S2XSi + Si X S^) (Si- 2,1 + Sg; 2,2) 

= S2Ci(X)st + siCi(X)s;. (6.34) 

Hence we obtain 

V'[l,2,3] (a„) = S2 a„ S* + Si a„ = {S2-1 - Si;2)Cl (^n) 

= {al — ai)a„+i, G N. (6.35) 
Then, from ( |6.21| ) and ( |6.31D , we have 

V'[2,4,3](an) = {ao V7[i^2,3] O a){an) = {-lT~\a O (^[i,2,3])«) 

= (-l)"-ia(a:+i(ai - a*,)) = (-l)"-i(-l)"a„+i(al - ai) 

= - ai)an+i = V[i,2,3]{(^n)- (6.36) 

Therefore, V'[i,2,3] and v^[2,4,3] induce the >K-endomorphisms of the CAR algebra which are 
expressed in terms of the second order binomials. 
As for V5[2,3,4], we have 

^[2,3,4] {(^l) = ^hl; 2,1 + ■32,2; 1,2 = ■Si ^i Si + S2 Ct^ 8*2- (6.37) 

If X G C2 satisfies v^[2,3,4](X) = si X s* ± S2 X* s^, we have 

V5[2,3,4](Cl(Ar)) = (Si,i;i + S2,2;2)(^SlXSi ± S2 X* S2)(si;i,i + S2;2,2) 

- (■Sl,2;l + ■52,1; 2) (■Si a: S* ± S2 X* S2)(Si;2,l + ■S2;l,2) 

= SiCi(X)stTS2Ci(X)*s;. (6.38) 

Hence we obtain 

</5[2,3,4](an) = ■Si a^sl + (-1)""^ S2a*S; = Si;iCl(an) + (-l)"^S2;2Cl(an)* 

= aia*a„_,.i + (— l)"a*aia*^_]^, ri G N. (6.39) 
In a similar way, we obtain 

/ X f(-l)'^<^[2,3,4](an)* for odd n, 

<^[l,2,4](an) = < (6.40) 
[ (-1)2 (^[2,3,4] (ctn) for even n. 

For the canonical endomorphism p = if[2,3], by simple calculations, we obtain 

p(a„) = Ci(/)Ci(a„) = (si,i - S2,2)a„+i = Kia^+i, n G N, (6.41) 
Ki = aial — alai = I — 2alai = exp(-\/^7r aiOi), (6.42) 
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where use has been made of ( [4 .41 ) and an identity (a^ai)^ = a^oi. Here, Ki is the Klein- 
Jordan- Wigner operator anticommuting with ai, hence we have 

[p(a„), ai] = [p(a„), a\] =0, n G N. (6.43) 

Hence p{AsR^) is the commutant of the subalgebra generated by ai and a\. Likewise, for 
V?[i,4], we obtain 

<^[M](a„) = (-1)"-VK)* = (-l)"-^iri<_,„ n G N. (6.44) 

Therefore, V'[2,3,4], V^[i,2,4]) P = V'p.s]) and ^-Pii^A] induce the *-endomorphisms of the CAR 
algebra which are expressed in terms of the third order polynomials. 
Next, for V5[2,4], we have 

¥'[2,4] (o-l) =Si,i;2,2 + ■Sl,2;l,2 

= - ai(a2 + ttg), (6.45) 

V^[2,4](a'2) = Sl, 1,1; 2,2,1 + -51,1,2; 1,2,1 — 52,2,1; 2,1,2 " -52,2,2; 1,1,2 

= — [aia\a2 + a\aia*2){a?j + a*^), (6.46) 

V^[2,4](ct3) = -51,1,1,1; 2,2,1,1 + -51,1,1,2; 1,2,1,1 — -5l, 2,2,1; 2,1,2,1 — -5l, 2, 2,2; 1,1,2,1 

~ -52,2,1,1; 2,2,2,2 " -52,2,1,2; 1,2,2,2 + -52,1,2,1; 2,1,1,2 + -52,1,2,2; 1,1,1,2 

= — aia\{a20*2Ciz + o.2'^2Ct3)(o4 + CI4) + a\ai[a*2a2a2, + a2a*2a*^){ai + ^4). (6.47) 

In general, we obtain the recurrence formula as follows: 

V5[2,4](an) = a-io*! - Oifli 6"_i n ^ 3, (6.48) 

where is obtained from v^[2,4](an-i) by replacing and (A; = 1, . . . , n) by a^+i 
and ctfc+i, respectively, while is obtained from b'^_^ by exchanging 02 and a^. It should 
be noted that v'[2,4](an) is expressed in terms of the (2n)-th order polynomials. Likewise, 
for v^[i,3], we obtain 

/ A f(-l)'^^[2,4](an) for odd n, 
[(-1) 2 V5[2,4](«n) for even n. 

Therefore, v^[2,4] and V'[i,3] induce the *-endomorphisms of the CAR algebra which are 
expressed in terms of even polynomials. 

For If [1,2], we have 

V'[l,2](ai) =-52,l;l,l + -5l,2;2,2 

= 0^02(32 + CLlO*2a2, (6.50) 
f[l,2\{0'2) = -5l, 2,1; 1,1,2 + -52,1,2; 2,2,1 ~ -52,2,1; 1,1,1 ~ -5l, 1,2; 2,2,2 

= (a^ + ai)(— 030303 + 020303), (6.51) 

f[l,2\{o,3) = -52,1,2,1; 1,1,2,1 + -5l, 2, 1,2; 2,2,1,2 -5l,2, 2,1; 1,1,1,2 ~ -52,1,1,2; 2,2,2,1 

~ -51,1,2,1; 1,1,2,2 — -52,2,1,2; 2,2,1,1 + -52,2,2,1; 1,1,1,1 + -5l, 1,1, 2; 2,2,2,2 
= [a[ — Oi)(— O2 + 02)(— O3O4O4 + O3O4O4). (6.52) 

In general, we obtain the recurrence formula as follows: 

<^[i,2](a„) = (o* + (-l)"oi)6„_i, 72^2, (6.53) 
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where is obtained from </'[i,2](Qn-i) by replacing oi, a*, a^, and al {k — 2, . . . , n) 
by 02, —02) Qfc+i) cind a^+i, respectively. It should be noted that </7[i,2](an) is expressed in 
terms of the {n + 2)-th order polynomials. Likewise, for </?[i,3,2,4], we obtain 

<^[i,3,2,4]M = (-l)>[i,2](an)*, neN. (6.54) 

Thus, we have completed to clarify restrictions of all the second-order permutation 
endomorphisms of O2 to Asr^- 

In summary, the *-cndomorphisms of the CAR algebra induced by the second order 
permutation endomorphisms of O2 are divided broadly into the following: 

(1) *-automorphisms 

Identity map: Lpid, 

Bogoliubov (inner) *-automorphism: </2[i,4][2,3], (6.55) 
Bogoliubov (outer) *- automorphisms: V'[i,2][3,4], V^[i,3][2,4] ; 

(2) *-endomorphisms expressed in terms of the second order binomials 

</?[l,2,3], </?[l,3,4], </?[l,4,2], </?[2,4,3] ; (6.56) 

(3) *-endomorphisms expressed in terms of the third order polynomials 



^[1,4], ^[2,3], ¥^[1,2,4], ¥^[1,3,2], 

<^[1,4,3], ¥^[2,3,4], ¥^[1,3,4,2], ¥^[1,2,4,3]; 



(6.57) 



(4) *-endomorphisms expressed in terms of even polynomials 

¥^[1,3], ¥^[2,4], </^[l,2,3,4], </^[l,4,3,2] ; (6.58) 

(5) other *-endomorphisms expressed in terms of polynomials 

¥^[1,2], ¥^[3,4], ¥^[1,3,2,4], ¥'[1,4,2,3]- (6.59) 

It should be noted that the above division of the induced *-endomorphisms is ac- 
cording to their apparent differences only, but not to their intrinsic properties. Indeed, 
all *-endomorphisms of Item (2) and half of Item (3) are expressed as composites of those 
in Items (4) and (5) as follows: 

¥^[1,2,3] = ¥^[1,3] O ¥^[1,2], ¥^[1,3,4] = ¥^[1,3] O ¥^[3,4], 

</?[l,4,2] = </?[2,4] O ^[1,2], ^[2,4,3] = ^[2,4] ° ^l^Ah 

¥^[1,2,4] = </?[l,2] O </i'[2,4], ¥^[1,3,2] = 'P[l,2] O <^[1,3], g^^ 

</'[l,4,3] = </?[3,4] O ^[1,3], ^[2,3,4] = </'[3,4] ° ^[2,4]- 

On the other hand, the rest of Item 3 are not expressed as above. 

In this subsection, we have restricted ourselves to consider the second order permu- 
tation endomorphisms only. If we consider more generally the second order homogeneous 
endomorphisms involving the *-automorphism by the U (2) action, we can find a relation 
between Items (4) and (5) above. Indeed, by using a *-automorphism of O2 given by 

(^e\S2) = sm 6* Si -|- cos S2 , 



we can rewrite ^[1,2] as follows: 

V?[l,2] = a-7r/4 O V5[2,4] ° «7r/4, (6.63) 

where ag induces an outer ^-automorphism of the CAR algebra expressed in terms of a 
nonlinear transformation as discussed later in Sec. 8. 



§§6-2. Even-CAR endomorphisms 

As pointed out in Ref. |I]), (p[2,i\ induces the >K-endomorphism (^[2,4] = ^SRi~^ ° V[2A] ° 
'PsRi of the CAR algebra onto its even subalgebraSIll . Since ^[2,4] is nothing but the 
special case of ipa^ with p = 1 defined by ( p.22| ), we consider it in more general. 

Let r and T be the ^-automorphism of O2 defined by r(si) = si, T{s2) = —S2 and its 
induced ^-automorphism of the CAR algebra defined by F = ^g]^ oFocpg^^, respectively. 
Then, from (|4.5| ) with ( [4.9| ), we have 

f(a„) = -an, neN. (6.64) 
Hence, from (^sRiiCAK) = 0^^^\ we obtain the following *-isomorphism: 

CARe ^ (02''^'^)e, (6.65) 

CARe = {X e CAR I f(X) = X}, (6.66) 
{0"^^% = {X^ di^"^ I r(X) = X}, (6.67) 

where CARe is the even subalgebra of the CAR algebra, and {p^^^^\ is the F-fixed point 
subalgebra of O^'^^^ . Since it is obvious that F o i^^^ = ip^^ from ( |3.22| ), we have 



^^^{O^^'^) C iO^^\, PEN. (6.68) 
In the case p= 1, we also have ip^, {02^^^) D (C2^^^^)e, since it is shown inductively that 

^aAl^k)=£k, keN, (6.69) 
T>k = {si^,...,i,,_„e;iJk-i,-Ji Ml,-- - , jfc-i,^ = 1,2}, (6.70) 

Sk = {X = I F(X)=X, ii,... ,ik,ji,... ,jfc = l,2}, (6.71) 

where {Sk \ k G N} generates (the dense subset of) (0^''^'*)e. Since y^o-i is injective and 
tlPfc = 2^'^"^ = '^\£k, it is sufficient to show ipfj^iVk) C £k- First, from (|3.22|) , we have 



V5ai(Sl;l) = V^ai(S2;2) = S2JJ* S2 = S2;2, (6.72) 



hence ( p.69| ) is satisfied for = 1. Next, suppose that ( |6.69| ) is satisfied for k = m, and set 

<^aM2,-,i^Ae,j^,-,j2) = e for a fixed £ = 1,2. Then, from (|30D, 

we have 

<^<7i(sii,i2,...,i™AAim,-,i2,ii) = (6.73) 

^°^^^ = '' j-^M ^°^^'^ = '' (6.74) 
I 3 — ^2 for ^1 = 2, I ~ ^2 fo^ 3^ ~ 2- 
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Since the number of 2 in {^i, ^2, ji, ^2} that in {22,^25 } congruent modulo 2, we 
have V^ai(sn,i2,.-,im/;^,jm,...,i2ji) ^ ^m+i- Thus, (|6.69|) is obtained. Therefore, we have 



(02^«) 



(6.75) 



On the other hand, for p ^2, ^ap{02^^^) generates a proper subset of iO^^^^)e. In- 
deed, in this case, there exists a proper (i.e., not surjective) *-endomorphism ip'^ such that 



k=0 



(6.76) 
(6.77) 



Since ip'^^ commutes not only with the U{1) action 7 but also with y^o-i, its restriction to 
'Pai{C>2^^^) C 02^^^ is also proper. Consequently, we obtain 



(ODe, 



(6.78) 



Therefore, the restriction of (f^jp to Asr^ = O^''^'* generally induces a *-endomorphism 
(^o-p = ^SRi~^ ° fa-p ° ^5_Ri of the CAR algebra into its even subalgebra, and only for the 
case p = 1, it gives the *-isomorphism between them. In general, the *-endomorphism of 
the CAR algebra whose range is a subset of its even subalgebra is called the even- CAR 
endomorphism. Thus, (p^p [p G N) are typical examples of the even-CAR endomorphisms. 

We write down the explicit expression for ip^^{an) in the form of a recurrence formula 
similar to ( |6.48| ) in the following: 



^ap{an)=< 



n+p— 1 

an Y\_ 

1=1 

n+p— 1 



"n+p 



+ a 



n+p) 



-'m, n 



n «' 



''n+p 



+ a 



n+p/ 



for 1 ^ n ^ p, 

for mp + 1 ^ n ^ (m + l)p, m G N, 



£=n—p 



bl,n = 
b2,n = 
bm.. n 



an-2pO'n-2p'^l,n + '^n-2p'^n"2pOi^ „, 
an—mpan-mp^rn—l/n a^_^p(ln—mp'^rn-l, 



m > 3, 



Ki = a£a*^ — a*^ai = 1 — 2a*^a£ = exp(^/—l vr d^ai). 



(6.79) 

(6.80) 
(6.81) 
(6.82) 

(6.83) 



where 6'^ „ is obtained from fo^.n by exchanging an-mp and a'^_mp- It is straightforward 
to see that (|6.45|)-(|6.48|) is reproduced from (|6.79|)-(|6.83|) by setting p = 1. 



§§6-3. Simple examples of higher order permutation endomorphisms 

As for other higher order permutation endomorphisms, we give two simple examples 
in the following. 

It is straightforward to generalize the inner ^-automorphism v?[i,4][2,3] so that it should 
yield the Bogoliubov transformation exchanging and for an arbitrary k. For that 
purpose, we define a linear mapping ^ : O2 — O2 by 

e(X) = S2XSI + SiXs*2, X e O2. (6.84) 
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Then, it satisfies the following: 

e(xr = e(x*), (6.85) 

axnY)=p{XY), aX)p{Y)=p{X)aY)=aXY), X, F G O2, (6.86) 

e(/) = J, J = S2-1 + si,2, J=J* = r\ (6.87) 
As a generalization of the operator J, we introduce {k G N) as follows: 

Jk = ^\l), Jk = Jl = Jk\ Ji = J, ^eN, (6.88) 

which satisfies 

JkSi = S3_i Jfc_i, i = l,2, k^2, (6.89) 

JkJi = JeJk = P^Ji-k), k<e, (6.90) 

r (-l)'"Cr(Jfc_„XJ*_„J for m<k, 

JkC{X)j;= ' ^^^2. (6.91) 
[(-l)'=CrW form^fc, 

In terms of Jk, we define an inner ^-automorphism 0k {k = 1, 2, . . .) oi O2 by 

f JiXJ* for k = l, 

MX) = < X e 02. (6.92) 

[jk-iJkXJ;j;,, for A; ^2, 

Then, it is shown that (fk is one of the {k + l)-th order permutation endomorphisms of 
O2. Since (pi = V5[i,4][2,3], we consider the case k ^ 2: 

0k{Si) = Jk-lJkSiJlJl_i = Si Jk-2Jk-lJkJk-l = Si p^ ^{-W 
2 

= ^ SjSji,... j^_2(S2,2;l,l + ■Sl,2;l,2 + 52,1; 2,1 + '^l,!; 2,2)Sji,.„ j^^.j 
2 

a: (z,ji,... ,jk-2,jk-i,jk) ^ - ■ ■ ,jk-2,jk-i,jk), j = 3-j- (6.93) 

From (|6.89|) and (|6.91|) , it is straightforward to show that pk gives the following Bogoliubov 
transformation if restricted to Asri'- 

n for < k, 

P>k{an) = {al forn = k, (6.94) 
-a„ for n > k. 

Another example is the p-th power of the canonical endomorphism of O 2, pi'' {p ^ 1), 
which is one of the (p-l-l)-th order permutation endomorphism. Restricting it to Asri, 
we obtain 

p 

/(«n) = Clil) Cfl^n) = Y\. -^"^ = exp(v^vr a;^am), n G N, (6.95) 

m=l 

[p^{an), a.m] = [p^ittn], a*^] = 0, n G N, m = l, 2, (6.96) 
Therefore, p''{AsRi ) is the commutant of the *-subalgebra generated by {a^ | 1 ^ m ^ p}. 



§7. Branching of Fock Representation and KMS state 

As shown in the previous section, the *-endomorphism ip^p {p G N), which is defined 
by ( p.22|) , of O2 induces the *-endomorphism (^^.p = °Vap o^siJi of the CAR algebra 
into its even subalgebra. In this section, we consider a branching of the Fock representation 
of the CAR algebra by <^o-p, and show that a certain KMS statetS) of the CAR algebra is 
obtained. 

Let TTp™"^ be a representation of the CAR algebra obtained by composing the Fock 
representation and the even-CAR endomorphism (p„ as follows: 



TT^""" = Fock o = (tt, o <PsrJ o i'^sk ° ^-P ° ^SR^) 

= -r^sO VapO^SRi- (7.1) 

Then, from (|3.43|) , (|5.21|) and ( [4.25|) , it is straightforward to have 



K-1 



LeIPRp A=0 

K-1 

®^m°'^-^P°'^SRp, (7.2) 



where the label of ttl is set by L = (jo, • • • , Jk-i), j(A) = ^{jx+e~i — 1)2 + 1 with the 

subscript of jx+e-i taking values in Z^, and ^p^^ denoting the homogeneous embedding 
of O2P into C2«- Substituting ( |3.18|) with d = 2'^ and q = p/n into ( [7.2|) , we obtain the 
branching formula as follows: 



„even ~ /TN 
VT, 



op 1 

© © -IS) ° = ^(^■(^) - 1) + 1 

L&IPRp A=0 



2P 



©4f 

jo=l 

0(Focko</,,A (7.3) 



io=l 



Here, the vacuum ei°^ of Focko (p^^ is given by ( p.33[ ), that is, 

(vrj^ ° ^5i?J(a(:»)) ef") = 0, ai^") ^ 0.„(a„), n G N, (7.4) 

= e,„, zo = l,2,... ,2^ (7.5) 

where use has been made of ( p.ll|) . We denote the ^jg-Fock space by Ti^*"!: 

^ Lin( { ef"), (vrj^ ^5iiJ(a&)* • ■ ■ a^^*) ef°\ m < ■ ■ ■ < n., r^l}). (7.6) 
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Although it is rather comphcated to express the basis of {ei*"-*}^^ of Ti'*"' directly in 
terms of the basis of nf^^ {e„}^]^, of Ti except for the vacuum e^*"'', we can adopt the 
similar numbering in ( p.ll| ) by an appropriate unitary transformation: 

r 

k=l 

In any way, the total Hilbert space H, which is the representation space of vr^ o <p_5^^(= 
iri^^ o (^sRp), is decomposed into a direct sum of mutually orthogonal subspaces: 

n = ^ n^''\ n^''^ ± n^'''>\ to ^ ^q. (r.s) 

10 = 1 

Now, we consider a state uj of the CAR algebra defined by the representation Tr^™"^ 
with an appropriate unit vector f2 G 7i as follows: 

u{X) = {Q\nl^'"'{X)Q), XgCAR. (7.9) 

If we set 

n^J^V^ef") (7.10) 

40 = 1 

with being a set of nonnegative constants satisfying J2 ^io — 1; then, from 

«o=l 

3D and (|7.8| ), we can rewrite u; as a convex sum of pure states as follows: 



2P 

u{X) = Y,K^^oiX), (7.11) 

io=l 



o..,(X)^(ef«)|(7rl„^)oc?^^J(X)ef«)), (7.12) 

where cjig is pure since o $sRp = Fock o (p^^ is irreducible. We parametrize {Ajg} by 

p 

K = ll^j,io,,^ (7.13) 

i=i 

{1 — A,- for io j = 1, 
for «oj = 2 

with ^0 = X] (^o.i — l)2^~^ + 1 (io,i5 • • • 5 "^o.p = 1, 2) and ^ Aj ^ 1 (j = 1, . . . ,p), so that 
we have 

J2 A,„ = l-A„ 5^ A,„ = A, (7.15) 

with y4j^i and Aj^2 (j = 1? • • • ;P) being a set of all indices zq's which satisfy ioj = 1 and 
that ioj = 2, respectively. Then, we obtain 

^{(^pim-l)+j (lp(n-l)+k) — ^m,n^j,k Aj,, = 5m,n^j,k{^ ~ Aj), (7-16) 

«oeAj, 1 

Ajg = 5m,n.^i,fcAj (7.17) 
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with m, n G N, j, /c = 1, . . . ,p, and states for products of the same number of a^'s and 
a*'s expressed in terms of (|7.16|) and ( [7. 171) , while others vanish. 

If each of {A-,- | j = 1, ■ ■ ■ ,p} satisfies < < 1/2, we rewrite it as follows: 



Xj = ^ , ej>0, (3>0. (7.18) 



1 

1 + exp{j3e-jj 

Then, u is identical with the KMS state of the CAR algebra with the inverse temperature 
f3 with respect to the one-parameter group {rj^^^ \ t G R} of ^-automorphisms defined by 

i"i°Vp(m-i)+j) = exp(-v^£:j t) ap(^_i)+j, m G N, j = 1, . . . , p, (7.19) 



^p(m-i)+'j) = expi^ — V — i fcj i) ap(m,-i)+j, 

which describes the time evolution of a (quasi-)free fermion system. Here, the superscript 
(0) stands for the free fermions. Indeed, it is shown that uj satisfies the KMS conditionl3 
given by 

cu(Xr^^(r)) = u{YX), X, r G CAR. (7.20) 

It is remarkable that we can induce {t]:^^ \ t G R} from a one-parameter group {af^^ \ 
t G R} of ^-automorphisms of O2V by using the embedding '^sRp of the CAR algebra into 
O2P associated with the standard RFSp as follows: 

= ^5^, ° «r ° (7.21) 



Si) = exp (v^^e(i) t) Si, e{i) = ^(«j — l)£j + £ (7.22) 



p 

with i = Ylih " 1)2-'"^ + 1 (z = 1, . . . , 2^; ij = 1, 2), e being an arbitrary real constant. 
i=i 

However, one should note that the above u is not induced from the KMS state of O2P 
with respect to the one-parameter group {oj^''}. In contrast with the KMS state for the 
CAR algebra, as is well-known, the inverse temperature (3 for the KMS state of the Cuntz 
algebra is uniquely determined for a one-parameter group of *-automorphisms such as 

If each of {Xj \ j = 1, ■ ■ ■ ,p} satisfies 1/2 < Xj < 1, using the Bogoliubov transfor- 
mation 4>2p{o-n) = ^ ^6 can identify 00 o with the KMS state as above. If 
Xj = 1/2 for any j = 1, . . . ,p, or equivalently Aj^ = 1/2^ for any io = 1, . . . ,2^, then, u 
is the normalized trace, that is, it satisfies 

uj{XY) = Lo{YX), X,Y e CAR. (7.23) 

If Xj = 0, 1 for any j = 1, . . . ,p, or equivalently Aj^ = 1 for one io and all the other Ai^'s 
vanishing, then, u is nothing but the pure state obtained from the 0jp-Fock representation. 

For the case p = 1, the above classification with respect to Ai is complete, and 
reproduces the Araki- Woods classification of factors for the CAR algebra.^ For the case 
p ^ 2, we decompose the set {1, . . . ,p} into three disjoint subsets as follows: 

{1,... ,p} = JiU J2U J3, (7.24) 
Ji = {j e{l,... ,p}\X,=0, 1}, 



J2 = {3 G {I,... ,p} I A, = i}, 

e{jg{1,...,p}|0<A, <|}, 
E{jG{l,...,p}|i<A, <1}. 



-^3 = -^3,1 U J3 2, 




(7.25) 
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Correspondingly, we decompose each monomial in the CAR algebra into a product of 
elements of the three C*-subalgebras as follows: 

Ak = C*( {ap(„_i)+, I m G N, J G ), k = 1, 2, 3. (7.26) 

Then, we can factorize uj into the following form: 

3 

07(Xi X2 Xs) = W uOk{Xk), Xk G Ak, (7.27) 

k=l 

where Ui, uj2, and 0^3 are the vector state associated with the Fock-like representation, the 
normalized trace, and the 0j-transformed KMS state for the one-parameter group {t^^^} 
of ^-automorphisms, respectively, where 0j is the Bogoliubov transformation defined by 



with i = 2-'"^ + l. Therefore, the state u given by ( [7.11|) and ( [7. 121) for a generic 
p may be also understood according to the classification by Araki- Woods. 



§8. Induced Automorphism of the CAR Algebra 

In this section, we summarize the induced *-automorphism& of the CAR algebra from 
the U (2^) action on the Cuntz algebra O2P, and apply it to construct one-parameter groups 
of *-automorphisms of the CAR algebra describing nontrivial time evolutions of fermions. 

We consider a *-automorphism of O2P obtained from the action of U (2^) as follows: 

a^{s^) = J2^kUk,^, u = iuk,i)eU{2P), 2 = 1, 2,..., 2^ (8.1) 
fc=l 

Since a„ commutes with the U{1) action 7 defined by (|2.7|), the restriction of to 
02}^^ gives a ^-automorphism of Therefore, from AsRp = 02P^\ induces a *- 

automorphism r„ of the CAR algebra as follows: 

Tu : t/(2P) r> CAR, u G [7(2^), 

(8-2) 

It is straightforward to show that r„(a„) is expressed in terms of a polynomial in and a\ 
with fc, £ ^ pvn for p(m — 1) + 1 ^ n ^ pm. Therefore, r„ gives a nonlinear transformation 
of the CAR algebra associated with u G 1/(2^). The whole set of r„ with u G U(2^) 
denoted by 

Autf;(2P)(CAR) = {t^ \ ue U{2P) } (8.3) 

constitutes a nonlinear realization of U (2^) on the CAR algebra. Using the homogeneous 
embedding ^p^g of into O2P with q being a nontrivial multiple of p, which is defined 
by (|2.16|) , it is shown that, for any u G f/(2^), there exists v G U{2'^) such that 

an o ^p,g = o (8.4) 

From ( |4.25| ) and ( |8.2| ), we obtain 

= r., (8.5) 
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hence we obtain 

Autt/(2P)(CAR) C Autc7(2.p)(CAR), r = 2, 3, . . . . (8.6) 

Now, it becomes possible to define a product r^^ o r^^ even for Ui G U{2p^) {pi ^ P2) 
explicitly by r^,^ or^^ = Xy^^^, t^- = Tu^, Vi G U{2'^) with q being the least common multiple 
of pi and p2- Thus, we obtain an infinite-dimensional ^-automorphism group of the CAR 
algebra defined by 

Autc/(CAR) = {tu I ue U{T), p G N }. (8.7) 
Next, we consider ^-automorphism subgroups Af {i = l,... , 2P) of O2V defined by 
= {au\ n,,, G f/(l), M,, , = 0, 0, ^ = 1, • • • , 2^ (8.8) 

where is defined by ( p.l| ). Then, it is obvious that Ap'^ = [/(I) x [7(2^ — 1). Corre- 
spondingly, we introduce the subgroup Aut[;}2p)(CAR) of Autt;(2P)(CAR) by 

Aut(;}2,)(CAR) = {t^ = <P-SR, ° ° I e 4) }. (8.9) 



Since we have ttl o au — f^v with G Ap-*, L = (i; z), L' = {i; z') and 2;, z' G ?7(1), we 
obtain the unitary equivalence as follows: 

Rep^^'^fi] o ^ Rep^P\i], r» G Aut[;}2,)(CAR), (8.10) 

where Rep''^''[z] is defined by ( ^.9|) . In general, however, we have Rep''^''[j]or(*^ ^ Rep''^^[j] 
for j 7^ i, hence r''*-' G Aut[^|2p)(CAR) is generally an outer *-automorphism of the CAR 
algebra. 

Now, we consider the subgroup of Aut;7(CAR) defined by 



Aut[;^^(CAR) = [j Aut[Jj2P)(CAR). (8.ir 



Then, as seen from ( |7.19|) with (|7.21| ) and ( [7.22|) , any one-parameter group of *- 
automorphisms corresponding to the time evolution of a (quasi-)free fermion system is 
contained in Aut[)^(CAR). As for a generic one-parameter group of *-automorphism in 
( ^.11|) , because of its nonlinearity, it describes a time evolution in which the particle num- 
ber changes generally. In the following, we show this property of ( |8.11| ) by using a few 
simple examples. 

Example 1. Let {at \ tGR} be a one-parameter group of ^-automorphisms of O4 defined 
by 

'at{si) = Si, i = l,2, 

(8.12) 

0:4(53) = cos S3 — sin 6^^ S4, at^s^) = sin 9t S3 + cos 9t s^, 9t = fit, 
where yU is a nonvanishing real constant. Then, the corresponding induced one-parameter 
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group {rt I t G R} of ^-automorphisms of the CAR algebra is obtained as follows: 



Taa.2m-l) — Gm-1 



a2m-i- sin 9t (sin 9t (02^-1 + a2^_^)- cos9tW2m-i^(h^a2r, 



n(a2m) = Gm-i [ COS 9t + sin 9t W2 (m-l) (02m-l ~ (^2m~l) ^2m ; 

n 

Gn = Y\ ^k, Go = I, 

k=l 

Fk = I - 2sin9t(^sin 9t I - cos 9t W^2(fc-i) (a2fc-i - a*2k-i)^(4k(^2k, 



, (8.13) 
(8.14) 

(8.15) 

(8.16) 

(8.17) 



where m G N, and F^s satisfy [Fk, Fi] = 0. Since the vacuum ei in the Fock representa- 
tion at t = 0, which is defined by ( |5.1| ) with (p.2|), satisfies 



Tt(a„) ei = 0, t G R, n G N, 



as it should be, we can adopt ei as the vacuum at any t. Then, does not conserve 
the particle number due to the nonvanishing term proportional to a2m-ia2m in Tt{a2m) 
(m G N). To show this in detail, we define the (formal) particle number operator at t, 
Nt, as follows: 



''"U%m-l'^2m-l 



Nt = J2nKan), (8.19) 

a2m~l'^2m-l + Sin 9t (sin 9t fC2m-l +COS 9t{a2m-l+a*2^-lij a*2mO-2i 



n=l 
■Hm-1 



Tt{a*2^a2ni) — Hm-l 0*2m'^'2m-, 

n 

H^ = 'W(l^sYn^(29t)a\^a2^, Ho = L 



(8.20) 

(8.21) 

(8.22) 



k=l 



Obviously, Nt is explicitly dependent on t. An eigenvector of Nt with an eigenvalue k is 
called a k-particle state vector at t. A generic fc-particle state vector at t is, of course, 
a linear combination of vectors in the form of 17(0*^ ' ' ''^n ) ^1 (^1 < ■ ■ ■ < "^k), and is 
orthogonal to any A;'-particle state vector at t with k' 7^ k. Then, since, from ( |8.14| ), we 
have 



rt{a*2^)ei = {cos 9t I - sin 9ta*2^_^)a*2^ei, m G N, 



(8.23) 



a one-particle state vector at t 7^ tcc/ fi (c G Z) given by Tt^al^^) ei is not orthogonal to a 
two-particle state vector at t = given by To(a2m-i'^2m) = '^2m-i'^2m ^1 {m eN): 



{niaUei I To{a*2^_^aU Ci) = -sin9t. 



(8.24) 



Therefore, the one-parameter group {r^} of ^-automorphisms given by ( |8.13| )- (|8.16|) does 
not conserve the particle number. 
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Next, we consider the expectation value of Nt by a /c-particle state at t = 0, f^, as 
follows: 



uj{Nt; Vk) = {vk\ NtVk), NoVk = k Vk, k eN, 



(8.25) 



which may give the particle number of at t. From ( p.l9| )- (|8.22| ), it is straightforward to 
calculate uj{Nt] Vk) for each Vk- More precisely, we denote a fc-particle state for a specific 
set of the creation operators by 



Then, for one-particle state vectors and two-particle state vectors, we obtain 

1 for ni = 2mi — 1, 

1 + aiv? 6t forrai = 2mi. 



(8.26) 



(8.27) 



2 - sin^ 
2 + sin^ Ot 

2 + sin2 et + sm'^{29t) 



for ni=2mi — 1, n2 = 2m2 — 1, 
for Hi = 2mi — 1 , n2 = 2mi , 
for Til = 2mi — 1 , n2 = 2m2 , 
for ni= 2mi , n2 = 2m2 — 1 , 
for ni= 2mi , n2 = 2m2 , 



(8.28) 



where mi,m2 G N (mi < m2). As for A;-particle state vectors, in particular case in which 
either all of ni, . . . , nu (ni < ■ ■ ■ < Uk) are odd or they are even, it is easy to obtain the 
following: 



l^{Nt] t^2mi-l,...,2mfc-l) = k, 



'l + sm\29t)y 



sm\29t) 



'l + sin^^O- 



(8.29) 
(8.30) 



In this way, uj(Nt; Vk) is, in general, dependent on t nontrivially. 



Example 2. Let {at \ tGR} be a one-parameter group of ^-automorphisms of Os defined 
by 



at [Si 



1,2,3,4,6,7, 



^at{s5) = cos 9tS5 - sin 9tS8, ati^ss) = sin 9t + cos 9t Sg, 9t = fit, 
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where is a nonvanishing real constant. Then, the corresponding induced one-parameter 
group {rt I t G R} of ^-automorphisms of the CAR algebra is much simpler than ( ^.13| )- 
( ^.17| ), since we have at^Csi^X)) = (^{at^X)) {X G Os) for the recursive map ^3 defined by 
( [4.11|) , and Cp(-^i " " " Xn) = Cpi^i) ' ' ' Cpi^n) for an odd integer n and p G N. We obtain 
the following: 



n(a3m-2) = a3m-2 + {{cos9t - l)a3m-2 + sin 9 1 a^^^^) a^^asm, 
niasm^i) = osm-i + ( - sin6'j a3„_2 + (cos - l)a3„_ 1)03^03^ 



cos9tI + (1 - cos6't)(a3^_2a3m_2 - asm-l^Sm-l^ 



+ sin9t{a3m-2a3m-i + a 



3m-2%m-l 



(8.32) 
(8.33) 

(8.34) 
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where m G N. As seen from the term a3m-20'3m-2Ci'3m in ( |8.34| ), a one-particle state vector 
at t 7^ 7rc//i (c G Z) given by Tt{a^^) ei is not orthogonal to a three-particle state vector 
at t = given by ro(a*„_2a^„_ia^„) d = a^„_2a3m-i«3m as follows: 



( Tt{aU ei I T-o(a;^_2a;^_ia;^) ei ) = - sin 
The particle number operator Nt in the present case is given by 

oo 

Tt(a3m-2'^3m-2 



(8.35) 



(8.36) 



'Tt{a3m^l(^Sm-l) 



Tt[a^^a3m) 



n=l 

'^3m-2'^3m~2 — sin^ 9t {a^^_2a3m-2 + 'J^3m-l'^3m-l " -^)'J^3m'^3m 

+ sin 6t cos 6*4 (a3m_2'^3m-l + a3m-ia3m-2)a3m«3m, (8.37) 
'^3m-l'^3m-l " sin^ 9t (a3^_2'j''3m-2 + 'J^3m-l'^3m-l — I)0'3m'^3m 

+ sin 6*4 cos 6t (a3m-2«3m-l + a3m-ia3m-2)a3m«3m, (8.38) 
'^3m'^3m, (8.39) 



where m G N. It is easy to obtain the expectation values of Nt by fc-particle state vectors 
at t = as follows: 



1 for 111 = 3m — 2, 3m — 1, 

1 + 2 sin^ 9t for rii = 3m, 

3 — 2 sin^ 9t for ni = 3m — 2, n2 = 3m — 1, = 3m, 



'^uj{Nt; Vn,) otherwise, 



(8.40) 
(8.41) 

(8.42) 



where m G N, and likewise in the case of A; ^ 4. 

Example 3. Let {at | tGR} be a one-parameter group of *-automorphisms of Oiq defined 
by 



atisi] 


= Si, 


i = 


= 1,4,6,7,10,11,13,16, 


«*( 


S2) 


= cos 


Ot S2 


- sin 6*4 515, 


at(si5) = sin 9t S2 + cos Ot S15, 


ati 


S3) 


= COS 


Ot S3 


- sin6'tSi4, 


at(si4) = sin 9t S3 + cos Ot Su, 


at{ 


S5) 


= COS 


Ot S5 


- sin 6*4 512, 


at{si2) = sin 9t S5 + cos 9t s^, 


ati 


S9) 


= COS 


Ot Sq 


- sin 6*^58, 


atiss) = sin 9t Sg + cos 9t Sg, 




Ot 


= /it, 









IA3) 



where /i is a nonvanishing real constant. In this case, it is also possible to introduce one to 
four mutually different constants /x's for the 5*0(2) action on four pairs (s2, S15), (S3, su), 
(■55, S12), and (sg, Ss). If we have introduced more than one constants /I's whose ratios are 
irrational for at least one pair of them, {at} would become nonperiodic in contrast with 
the previous examples. Anyway, for simplicity, we have introduced only one constant fi. 



Then, the corresponding one-parameter group {tj | t G R} of ^-automorphisms of the 
CAR algebra is obtained as follows: 

n (flmji ) = COS 6t arn,n + sin dt bm,h ) «m,ji = a4(m-l)+ji , (8.44) 
^mji = Oim,j2 ^mjs (^m.ji + ^m,j2 ^rnjg ^mji + ^mjs ^m,j4 ^m,j2 ~ ^m.ji ^m,j2 '^™J3' (8-45) 

where m G N, {ji, j2, js, j^) is a cyclic permutation of (1,2,3,4). From the existence of 
0'm,j2 (^mjs drnji in ( ^.44|) with ( ^.45|) , a one-particle state vector at t 7^ nc/fi (c G Z) is 



not orthogonal with a three-particle state vector at t = as in Example 2. The particle 
number operator Nt is given by 



Nt=^Tt{alan) 

n=l 
00 4 

= ^ ^ [(1 + 2 sin^ Ot)al,^j, a„j, + 2 sin^^t {2a*^j. 



m=l jri = l 

— 2 Sin^f COS 6t(^am,ji ^m,j2 ^rnjs ^m,j4~^^m,ji ^rn,j2 ^mj^ '^mj^) ; (8.46) 

where (ji, j2, ja, Ja) is a cyclic permutation of (1,2,3,4). The expectation values of iV^ by 
fc-particle state vectors at t = are obtained as follows: 

u{Nt;VnJ = l + 2sm^ 9t, (8.47) 
u{Nt; Vn,,n2) = 2 + 4(1 - 6m,,m2) sin' Ot, (8.48) 

^(^-^ti ^ni,n2,n3) 3 -|- (6 -|- 4 (5^ ,^2^7712, ma ^m\,m2 ^m2,m3 ^m3,mi)) siu Of, (8.49) 
^(-^ti ^ni,n2,n3,n4) 4 -|- 4 ^2 ^jjj^^j ,72^ -|- (5^2 (5ni3,m4 ~l~ '^m3,m4'^m4,mi ~l~ '^m4,mi l^mi ,m2 

'^mi,m2 '^mi,m3 '^mi,m4 '^m2,m3 '^»n2,m4 '^m3,m4) siu Of, (8.50) 

where rii = 4:{mi — 1) + ji, rrii G N, jj = 1, 2, 3, 4 with rii^ < rii^ for ii < ^2, and likewise 
in the case of /c ^ 5. 

It is straightforward to generalize the one-parameter group {ott\ of *-automorphisms 
in the above examples to the case of 02P- The corresponding induced one-parameter 
group {tj} of ^-automorphisms of the CAR algebra may, in general, contain mixing of 
one-particle states and r-particle states with r ^ p. By composing such ^-automorphisms 
which mutually commute, it is possible to make various one-parameter group of *- 
automorphisms of the CAR algebra, which change the particle number with keeping the 
Fock vacuum invariant. 



§9. Discussion 

In the present paper, we have shown that it is possible to reveal some nontrivial 
structures of the CAR algebra concretely in terms of generators without difficulties by 
transcribing various properties of the Cuntz algebra through our recursive fermion system. 

As far as the permutation representations of the Cuntz algebra are concerned, the 
standard recursive fermion system yields irreducible representations only from those with 



central cycles of length 1. It is remarkable that, from any irreducible permutation repre- 
sentation with a central cycle of length greater than 1, a suitable nonstandard recursive 
fermion system, which is obtained from the standard one by using an inhomogeneous en- 
domorphism, yields an irreducible one. According to the recent study in C*-algebra,lli' for 
any two pure states (or irreducible representations) in a rather wide class of C*-algebras 
including the Cuntz algebra, there exists a *-automorphism connecting them. However, it 
seems still unknown how to construct such a *-automorphism explicitly in terms of gen- 
erators. If it becomes to possible to construct it, we may apply it in the recursive fermion 
system by replacing the above inhomogeneous endomorphisms. 

As shown in Sec. 3-2, a set of permutation endomorphisms y^o-p {p G N), which induce 
*-homomorphisms of the CAR algebra to its even subalgebra, has interesting properties 
such as ( p.23| ), ( |3.24| ) and ( |3.43| ), although it is not closed with respect to the composition. 
It may be useful for a systematic study of such even-CAR endomorphisms to extend the 
set of yjo-p {p G N) so as to constitute an abelian semigroup. Let r be an odd positive 
integer and P = {pi,P2, ■ ■ ■ ,Pr) with pi, . . . G N and pi < p2 < ■ ■ ■ < Pr- We define 
a family of the {pr + l)-th order permutation endomorphisms ip^p of O2 by ( |2.41| ) with 
cTp E &2Pr+i being given by 

f^p(l,Jl,--- Jpr) = Jpr), 

'^P(2)jl5--- 1 jpi-ll jpil ■ ■ ■ 1 jp2-ll jp21 • • • ijpr-^ljpr) (^-l) 
(2? Jl) • • • 5 Jpi — 1) Jpn • • • 1 jp2 — '^1 j P2I ■ ■ ■ 1 jpr—il j Pi-) 

with j = 3 — j. Then, ip^p is written as follows: 

^ (9 2) 

^ap{s2) = S2Y[ff''-\j), J = S2-l + Si.2, 
k=l 

where p is the canonical endomorphism of 02- Let V be the whole set of P's, each 
of which consists of an odd number of mutually different positive integers. Then, it is 
straightforward to show that {^Pap \ P G V} constitutes an abelian semigroup with respect 
to the composition, that is, for any P,Q E V, there exists an element R eV such that 

<^<Xfl = Vcjp O <^aQ = <^aQ O Vap- (9.3) 

As for the KMS state of the CAR algebra given in Sec. 7, we have constructed it 
from Rep(l) of O2 by using the above even-CAR endomorphism y^o-p but not from a KMS 
state of the Cuntz algebra. Since it is known that the inverse temperature for the KMS 
state of the Cuntz algebra with respect to a certain type of one-parameter group of *- 
automorphisms is unique ,EJ't3'll3) it does not seem desirable to construct a KMS state of the 
CAR algebra by restricting that of the Cuntz algebra with a unique inverse temperature. 
For more study of KMS states of the CAR algebra in view of the Cuntz algebra, it 
seems important to clarify in what class of one-parameter groups of *- automorphisms the 
uniqueness of the KMS state of the Cuntz algebra is valid. 

In Sec. 8, we have constructed nontrivial one-parameter groups {tj} of *- 
automorphisms of the CAR algebra which preserve the Fock vacuum invariant. For rather 
simple cases such as Examples 2 and 3, we can also construct the generator of r^, that is, 
the Hamiltonian. From the unitary Ut G U{l,02p) associated with the *-automorphism 
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at of O2P, which is defined by 

Ut = Y,(^t{si)s*, (9.4) 
1=1 

we obtain 

n{aj) = <PsR^{ut aj O, J = 1,... ,p, (9.5) 

where a^-'s are the seeds of the standard RFSp. In the case of Examples 2 and 3, since 
{ap(m-i)+j \ j = 1, . . . ,p} for a fixed m G N transform in the same way as the seeds, by 
extrapolating the expression for Ut in terms of the seeds to that of {ap(m-i)+j | m e N, j = 
1 , . . . , p} , it is straightforward construct the corresponding Hamitonians H generating Tt 
as follows: 

n(aO =e^^*a„e-^^*, H* = H, (9.6) 

00 

Example 2: H = fx ^ {0*3^-2 «3m-i ~ ctsm-i a3m-2)a3m«3m, (9.7) 

m=l 

00 4 

Example 3: H = V^^/X ^ ^ ('24(m-l)+ii '^4(m-l)+i2 ^4(m-l)+j3 «4(m-l)+i4 

m=l ji=l 

~ '^4{m-l)+j4 '^4(m-l)+i3 «4(m.-l)+j2 '^4(m-l)+ji ) , (9.8) 

where {ji, j2, js, Ja) is a cychc permutation of (1,2,3,4). Here, it should be noted that 
the above if's are well-defined only in the Fock representation, or more precisely, in the 
representations induced from those of the Cuntz algebra which are kept invariant under 
the corresponding at- 

It is interesting to consider expectation values of products of rt(am)'s and Tt{a^)^s 
with mutually different time variables by the vacuum ei, which is written as 

^«(^i)«L(^2) ■■■ a«„„(t„)) = (ei I aLi(^iX(^2) ■■■aljQe,), (9.9) 

where af„(t) denotes Tt{am) or rt(a^). In contrast with those obeying linear transfor- 
mations such as ( [7.19| ), we found there are nontrivial truncated n-point functions, where 
truncation means subtraction of contributions from lower-point functions. As illustration, 
we consider those consisting only of ai, al, a2 and in the case of Example 1. Since 
all one-point functions vanish, there is no difference between truncated functions and un- 
truncated ones in the case of n = 2,3. From ( ^.13 ) and ( ^.14 ), we obtain the following 
two-point functions and three-point ones: 

^(ai(ti)at(t2)) = 1, (9.10) 
uj{a2{ti)al{t2)) = cos(0i - 62), (9.11) 

u;(a2(ti)a;(t2)a*i(t3)) = ^0^(^1(^2)02(^4)0*2(^3))* = sin(^i - 62), (9.12) 
u{a2{ti)al{t2)a;{t3)) = cu(a2(t3)ai(t2)a;(ti))* = sin(^i - 62) cos(02 - ^3), (9.13) 

and others vanish, where 9i = 6**-. Here, ( |9.13| ) reproduces (|8.24|) with n = 1 by setting 
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ti = t, t2 = ts = 0. As for the truncated four-point functions, they are obtained as follows: 

uj{ai(ti)a2(t2)al{t2,)al(t4,))^ = uj{a2{t^)ai{t3,)al(t2)al{ti)y^ 

= Uj{ai{ti)a2it2)al{t3)a2{t4)) + uj{ai{ti)al{t3)) (02(^2)^2 (^4)) 
= - cos(6'3 - 62) cos(6'3 - 6*4) + cos(6'2 - 64) 

= sin(^2-^3)sin(^3-^4), (9.14) 
uj{a2iti)ai{t2)al{ts)a2iU))^ 

= uj{a2{ti)ai{t2)al{t3)a*2{ti)) - uj{ai{t2)al{ts)) u; (02(^1)02(^4)) 

= COs(^i-^2)cOs(^2-^3)cOs(^3-04) -COs(01-04) 

= sin(^i-^2)sin(^2-^3)cos(^3-^4) + sin(0i-03)sin(03-^4), (9.15) 

uj{a2{ti)al{t2)ai{t3)a*2{U))r^ = sin(^i - 62) cos(02 - ^3) sin(03 - O4), (9.16) 

and others vanish, where a subscript T denotes truncation. Likewise, we can show there 
are nonvanishing truncated five-point functions and six-point ones. To clarify the phys- 
ical meaning of these results, it is necessary to study in more detail the one-parameter 
group {ti} of *-automorphisms as time evolutions of quantum field theoretical dynamical 
systems. 
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